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AUTHOR'S PREFACE
F AHE scope of practical analysis in applied mathematics

covers that section of mathematics which embodies
-*- what Felix Klein on one occasion termed the executive

element in mathematics. All the methods discussed in the

present volume are developed with the principal object of

providing means whereby the desired results may be expressed

ultimately in numerical form. In mathematical analysis the

question as to what is implied by the solution of a particular

problem is one to which no clear answer has been given.

When dealing with a differential equation, for example, we

frequently regard the problem suggested as having been solved

when a proof of the existence of a solution is forthcoming.
Even in certain sections of theoretical mechanics we are on

occasion satisfied merely with the construction of the differ-

ential equations governing the processes under consideration,

and a proof that these equations do actually determine the

solution. However important the proof of an existence

theorem may be, the determination of the solution itself must
be regarded as of no less consequence. By this is implied not

simply a qualitative discussion of the functions contained in

the integral, but a quantitative numerical expression for the

solution either in the form of a table providing the values of

the dependent variables for all values of the independent vari-

ables that come into question, or as a curve representing the

required function in graphical form relative to some convenient

system of co-ordinate axes. The treatment of algebraic

equations provides an excellent illustration of the many stand-

points from which the question of a solution may be regarded :
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in the present volume we shall be more concerned, however,

with the determination of the roots of such an equation in a

form most suitable for numerical evaluation, and with a dis-

cussion and comparison of the various methods that are of

assistance to that end.

But the determination of the solution of a problem in arith-

metical form is merely a very general, even a loose way of

expressing the object of practical analysis. No less important,

and in most cases the exceedingly more difficult aspect of the

question, is the estimation of the degree of accuracy of the

arithmetical results obtained.

In general the calculator has a variety of alternative methods

at his command for attaining the solution of any given

problem, but to him the relative values of these methods are

measured by applying the test as to which one will provide him

with his result to the requisite degree of accuracy in the shortest

time. It is from this standpoint that graphical methods, which

have acquired a considerable vogue during recent years, must

be judged. The accuracy attainable in any graphical con-

struction has certain obvious limitations, whereas in general an

arithmetical method, provided a sufficient number of figures be

used, has no such limitation. There are however many prob-

lems, especially within the field of engineering, for which the

accuracy of a drawing is ample, for which in fact the data

themselves are so inexact that methods of greater precision

applied to them would imply a sheer waste of time and labour.

Graphical methods however occupy a very special place in

calculations where the quantities or functions used as data are

derived empirically in the form of a curve. In electrotechnics,

for example, differential equations arise involving the depend-
ence of magnetization on the electrical field strength as repre-

sented by an empirical magnetization curve. A graphical
treatment of the differential equation is clearly in that case the

soundest
; any other method of solution, in fact, would neces-

sarily be circuitous. It is just in the selection of the method of

analysis most appropriate to the circumstances of any problem
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wherein lies one of the most important elements of this field of

mathematical inquiry.

As far as the use of such methods in the higher branches of

mathematical teaching is concerned, there can be no doubt

that in technical colleges at any rate a more important place

ought to be allotted to them than hitherto. The mathematical

courses followed by an engineer ought to provide him with

tools he is able to use to advantage. This implies that his

studies must not be limited merely to attendance at classes in

theoretical mathematics, but that a thorough training in prac-

tical analysis is also a real necessity. Associated with this

there must go a thorough training in the solution of exercises

and practical examples, for only by such means can there be

attained a full confidence and facility in the use of the methods

and their many applications. Instruction, moreover, in the

use of mathematical instruments, such as slide-rules, multiply-

ing machines, and planimeters, is an essential part of such a

mathematical course and may easily be utilized towards an

early introduction to the ideas associated with the theory of

errors. It is unfortunate that the student frequently receives

his first introduction to such instruments in the physical or

engineering laboratory, where it is not always possible to

examine their theory in detail. The mathematical prepara-

tion of the engineer demands a rigorous grounding in practical

calculation and a systematic study of considerations of

accuracy ;
attention to this would tend to obviate the weak-

ness to which many practical workers are prone, of attempting
to obtain measurements to an unnecessarily high degree of

accuracy with all the associated labour, because they have

omitted to consider what overall reliance may be placed on

their ultimate result. Moreover the reluctance on the part of

such experimenters to apply the principles of combination of

errors, which in many simple cases would be exceedingly useful,

must definitely be overcome during the course of their mathe-

matical instruction.

This immediately raises the question, at what stage in a
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university course can the treatment of practical analysis be

introduced. This will depend, at first at any rate, on the train-

ing of the future teacher. Should its discussion be delayed
until the completion of his course, or do these methods belong

properly to the preliminary school training ?

Even if this latter question be answered in the affirmative,

the subject must still find a place in the later mathematical

training. The opinion is often expressed that a mathematician

trained thoroughly on theoretical grounds will find no difficulty

in applying these methods when he requires them, and that in

consequence it is superfluous to introduce them specifically in

any university course. That no difficulties will arise in the

mind of the competent mathematician over an understanding
of the theory of the method may be at once conceded, but a

problem is not solved by that understanding alone. There is

a vital distinction between appreciating the individual steps of

a numerical method on hearing or reading an exposition of it,

in fact between being convinced of the necessity for each step,

and actually being able to carry out these steps rapidly in any

given example to a successful issue. The proficiency and mani-

pulative skill necessary for this purpose can only be acquired

by much practice and experience in practical methods. Much
more time and study are required for this than the mathema-

tician usually realizes. It is indeed astonishing how diffi-

cult it is for the overwhelming majority of students to carry

through a calculation systematically to the end. Usually a

method is selected for treating the problem with scarcely any
consideration whatsoever, and the arithmetical details of the

process are carried through without any prearranged plan on

odd scraps of paper, tossed about here and there. All per-

spective in the problem is rapidly lost, until finally both the

calculator and the object of the calculation become over-

whelmed by a mass of figures. There remains no alternative but

to carry through the whole process again from the beginning
with of course no better result. The first step out of chaos is

a systematic arrangement of the calculation and the introduc-



AUTHOR'S PREFACE ix

tion of checks upon it, with which even the most experienced

computer cannot dispense, but which will not suggest itself to

the pure mathematician. This step is important in this respect,

that it converts the calculator from being merely a live calcu-

lating or thinking machine working out a prearranged plan

into one who has a conscious grip of the successive steps in the

process as it is developing at each instant, providing him with

a clear perspective and mastery over the method. It is this

accustoming oneself to systematic arrangement and to the

development of a conscious control over the processes wherein

lies an educative element in applied mathematics that can-

not be overestimated. It must be admitted that the same

is true in the realm of pure mathematics, but the number

of students who really acquire it is exceedingly small. This

effect is more likely to be produced in the field of applied

mathematics.

Thus it is clear that the introduction of practical analysis

into a university course is fully justified, quite apart from its

possible use later in school teaching. There are many other

aspects of this question that might well be stressed. These

will be referred to in the present volume, but it is particularly

worthy of note that the treatment of many mathematical

properties by arithmetical and graphical methods is a more

forcible means of bringing home their truth than merely

through the medium of theoretical lectures. Practical mathe-

matics ought not to be a mere subsidiary section of pure

mathematics, but ought to rank as one of its important

developments.

Whether the extension of such practical analysis beyond the

simple elementary stage of logarithmic calculation, and the

use of graphical methods, ought to be introduced into the upper
schools, is still an open question, which however in our opinion
must be answered in the affirmative. The bitter recollections

of their early mathematical training carried away by the

majority of educated people could be largely avoided if every

upper school made a point of sending out its pupils into life
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with a thorough grounding in arithmetical calculations,

especially mental arithmetic.

Even if the stress in school teaching of mathematics is laid

on the logical training involved, the practical aspect of the

question must not be minimized, for the ideal and the utili-

tarian standpoints may quite well be combined. For in such

calculations the question is always raised which method is

best of application in the given circumstances, what accuracy
can be expected in the result ? a logical problem of no mean
order. By a suitable selection of examples the pupil may be

led on to exercise his individual judgment in each case, and

think the matter out for himself. By this means soul-destroy-

ing systems of mathematical teaching may more surely be

avoided here than in other branches of mathematics.

There is no valid reason why the slide-rule and its applica-

tions should not be a subject of school study. Its accuracy is

sufficiently great for the type of problem of a physical or of a

geodetic nature that he has to treat, while its use involves

considerably more thought than the searching of logarithmic
tables. An explanation of its principles enables the con-

ception of a function, the graphical representation of func-

tions, and the important ideas of relative accuracy, to be

introduced with comparative ease. It follows of course that

the teacher himself must be facile in the use of the slide-rule.

At the school as at the university no distinction ought to be

drawn between pure and practical mathematics, but the one

developed continuously and directly from the other.

As far as the selection and arrangement of the material in the

present volume are concerned, preference has been given to

those methods which are capable of very general application
in the teaching of mathematics. The treatment of empirical
functions is fairly extended in order to meet the requirements
of students of technical colleges, to whom the book should

appeal as an extension of their mathematical text-books and
lectures on the practical side. Graphic statics has not been

touched on, in spite of the fact that the use of graphical infini-
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tesimal methods owes its origin to that study. It has, however,

developed into a self-contained and special branch of applied

mathematics and does not show the general characteristics of

the methods dealt with here
;

it will be specially treated in a

later volume. In order to limit the scope of the book as far as

possible, that interesting but special chapter in graphical

methods, Nomography, has merely been touched on. The

works of d'Ocagne provide ample literature on this subject.

References to original papers and to books are given with the

object of enabling the reader, if he has time and opportunity,

to pursue in greater detail certain of the larger questions raised.

The historical aspect of the subject, and questions of priority,

have been avoided in the text, stress being laid on a clear

exposition of the subject.

The contents of the book cover a portion of the work in-

cluded in the courses on numerical and graphical calculation

held at the University of Gottingen under C. Runge. I

should like to acknowledge here the debt I owe to Geheimrat

C. Runge, my revered teacher, from whom for the most part
I learned these methods.

HORST VON SANDEN
GOTTINGEN,

November, 1913.

NOTE. All examples marked with an asterisk (*) have been

inserted by the translator. H. L.
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PRACTICAL
MATHEMATICAL ANALYSIS

CHAPTER I

SOME GENERAL CONSIDERATIONS ON
NUMERICAL AND GRAPHICAL CALCULATION

1. PRACTICAL RULES FOR ARITHMETICAL CALCULATION

WHEN
the student, after long concentration on the

study of the so-called Higher Mathematics, sets

himself the task of working out special problems
to an arithmetical conclusion, he begins to realize that he is

confronted with difficulties of a very special nature. The

possibility of errors in calculation lurks everywhere, and an
uncomfortable feeling inevitably arises that his final result is

not to be trusted.

While practice will undoubtedly do much to obviate these

errors in the first instance, it is still worth referring to certain

general considerations which will be of service to the beginner.
The choice of methods and instruments, for example, is an

exceedingly important matter, as an unfortunate selection in

this respect frequently leads to a waste of valuable time, at the

very least. The criterion by means of which the practical
calculator ought to judge the value of a method of calculation

is the rapidity with which the result can be obtained to the

required degree of accuracy.
On the other hand, for a critical comparison of methods of

calculation it is only fair that the time required to become

proficient in the use of any particular method should not be
taken into consideration directly ;

it must rather be assumed
that the worker is equally expert in all the methods that come
into consideration. It is moreover important to bear in mind
that while the choice of certain auxiliary means may be unim-

l 1
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portant in the case of a single calculation, the matter may well

repay serious thought when a large number of similar calcula-

tions are in question.
A first requisite for all numerical calculation is a compact

arrangement of the matter treated. This demands, to begin
with, a systematic method of setting down the calculation, a

process much facilitated by the use of squared paper. Sub-

sidiary calculations should not be conducted on separate pieces
of paper, but rather the whole scheme of calculation should be
so arranged that each operation finds in it its appointed place.
If necessary the separate sheets should finally be pasted to-

gether to form one compact whole. Suppose, for example, a
table of values of the function

y =o; 2
V(l-29 -a; 5

)

is required, then it is inadvisable merely to set out two columns,
the one for the arguments x, and the other for the values of

the function y, intermediate calculations being conducted on

separate slips of paper. It is better to arrange the columns so

that each operation in the calculation is evident, as in the

following scheme :

X
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A further requisite for each calculation is a continuous

control or check
;
how this is to be effected will depend of course

on the particular case in question. There are exact checks

requiring that the calculation should lead to particular num-
bers at certain stages ;

or the calculation may be self-controlling

as, for example, in the derivation of the roots of an equation,
where the result is finally checked by inserting the values

found in the equation.
If the values of a function are to be calculated for a series of

equidistant values of the argument, then in most cases a

sufficient control will be exercised if the first differences, in

some cases higher differences, of the function are constructed

so that information regarding the correctness of the calculation

may be drawn from the smooth variation (or otherwise) of

these differences. In the calculation of a table it is usually
advisable in the first place to take values at a set of points with

large intervening intervals, and then after that to effect the

calculation in detail for a series of points in close succession.

The values initially calculated should then fit into a set of

gradually varying quantities. If, for example, the function

just considered is taken, and values required for

x = 1-00
;
- 0-99

;

- 0-98
;

. . . 0-00,

then it is better to commence with

x = 1-00
;
x = 0-90

;
x = 0-80

; etc.,

and then deal with the intermediate values.

In this connexion it is important to note that in many cases

it is not necessary at all to derive all the values of the function

from the given formula, but a system of linear interpolation

may be used (cf. Chap. IV). Whether or not this is justifiable
will depend entirely on the degree of accuracy desired.

The following rule may be taken as a guide : If a function

given by y = f(x) gives on calculation for x = x^ and x = xt

the values y^ and y z ,
then interpolation may be performed

linearly between y^ and y 2 if in the interval xl < x< x t the

absolute value of

8

is less than the admissible error in the desired tabulated values.

A final check may always be applied by rearranging the

method or the order of calculation
;
for example, use may be
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made of the slide-rule in the first instance, and of logarithms
in the second. It may even be advisable to allow the calcula-

tion to be repeated by another person. In no circumstance

should one rely on figures calculated once and without any
check being applied.

Another point deserving special attention in any calculation

is the degree of accuracy it is justifiable to expect. On the one

hand the data upon which the operations are performed are

given usually to a certain limited degree of certainty, while on
the other hand inaccuracies may creep into the calculation

itself, and it becomes necessary to consider the extent to which
the latter influence the result.

In applying checks to any result it will rarely be found that

exact agreement is obtained. If, for example, a root x l} calcu-

lated for the equation <p(x)
= 0, is inserted in the left-hand side,

the result will not in general be zero, but will differ slightly
from it. It then becomes a matter for consideration whether
this difference is due to an inaccuracy in the value of the root

;

or whether the accuracy in the actual process of evaluating

99(0:1) has been too slight, so that it could be improved by the

use of a multiplying machine instead of a slide-rule, for instance
;

or finally whether an actual error has been committed in the

calculation. In such cases it is advisable to evaluate the

percentage error that is expected at most to occur.

The largest percentage error that might occur in a product
is in absolute value equal to the sum of the absolute percentage
errors of the separate factors. In the same way for a quotient
the error is the sum of the errors of the numerator and of

the denominator, as is evident by logarithmic differentiation.

If, in fact, we put

z = x.y,

then

,
dz dx

, dy.--,,-+*.,

and similarly, if

dz _ dx dy
z

~~
x y
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is the relation between the relative errors. For the absolute

value of the relative error in both cases :

dx

X
dy

y

It is moreover inadvisable to make the calculation depend
at any stage on the difference between two numbers nearly

equal in value and such that each is only known to a limited

degree of accuracy, since the percentage error of this difference

may become exceedingly large.

Every calculator should make it a strict rule never to write

a number down without first considering how accurate it is, so

that he may know to which decimal figure it is exactly correct

and by how many units the last figure is uncertain.

For all such estimates, and for all calculations effected with
the aid of the slide-rule, it is useful to write the numbers that

occur in such a manner that only decimal fractions are used,
or with one or at most two figures before the decimal point, the

order of magnitude of the quantity being designated by multi-

plying by some power of 10. Thus for 2723 it is better

to write 2-723 x 10 3
,

or for 0-00037 in the same way
3-7 x 10-*.

Example (1). A vertical pillar h =2-65 metres in height supports
a roof. How far does the roof sink if the foot of the pillar is dis-

placed by an amount x = 5 cm. from the vertical ?

The distance required is easily seen to be h V(^ 2 x2)> a

form, however, very unsuitable for calculation. Expanding the

expression

and neglecting the fourth and higher orders of ?, the required
n

depression y becomes

9 **
g r = 0-047169 cm.

Is it justifiable to write so many figures after the decimal

point ?

Example (2). In the above example what magnitude of error is

involved in terminating the expansion ? The first neglected term
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8v h ) '
wnen multiplied by h gives the error to a sufficient

approximation. Thus :

This justifies writing y = 0-04717 cm.

Example (3). If the value of x is accurate to within 10 per cent.,

then y would be accurate to 20 per cent, only ; it would suffice

therefore to write y = 0-05 cm.

*Example (4). Evaluate the function e~xZ/(x
2

-f- 1) systematically,

tabulating it from x 0-5 to x = 1/0 for intervals of x equal to

0-05.
*Example (5). Tabulate the function (1-28 04z2

)
from

x = to x = 1 for intervals of x equal to 0-05. Hence find the

maximum percentage error that occurs within this range in assum-

ing the value of the function to be given also by (1 31z 2
) . Vl-28.

*Example (6). By tabulating the function V sma;
for values

(a + 1)
*

of x from x = to x = 3, find the value of x correct to 5 per cent.

which makes this function a maximum and determine that maxi-

mum value.

*Example (7). By tabulating the two functions

y = Vx(l ce
2
)
and

y sin z/cosh x

from x = to x = 1, find the root of the equation :

since _ cosh2 x . (1 a;
2
)

x sin x

lying between x = and x = 1.

2. GRAPHICAL METHODS

During recent years the use of graphical methods has been

considerably extended. In these processes the numbers which
occur in the calculations are represented by lines or by angles,
and by means of geometrical constructions applied to them the

result is derived. In graphic statics graphical constructions

have long been in use. It is evident that an important place
in applied mathematics is reserved for the use of graphical
methods.
The processes are of course not confined to those problems

that can be solved by ruler and compass only, where the use of
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these instruments is limited in a manner that has no interest

for the practical man, but every form of construction is con-

sidered admissible which will lead to the required result with

sufficient rapidity. The trisection of an angle, for example, is

known to be impossible by means of the compass only, and

yet no one doubts that by
"

trial and error
"

trisection can be

achieved by gradually widening the points of the compass
until the arc can be stepped out three times without any error

being detected.

This method of
"

trial and error
"

is, in the mathematical

sense, a convergent process which is discontinued when the

result is obtained to the desired degree of accuracy. Such
forms of construction are perfectly applicable, and valid for

the purpose, and the depreciatory expression
"

trial and error
"

ought to be avoided.

The accuracy of graphical calculation is on a level with that

of the slide-rule. The advantage of graphical methods lies in

the fact that it allows of a general scrutiny of the calculation

as a whole, rendering large errors impossible. Frequently the

rapidity of the processes is greater than with numerical calcula-

tions carried to the same degree of accuracy ;
this is especially

the case when certain of the data in the problem are given

initially in graphical form, as occurs with many questions in

mechanics, or when the final result is desired in graphical
form.

The accuracy, however, of graphical methods cannot be
increased indefinitely, and the error is moreover difficult to

estimate. In many cases the graphical process is only used to

provide an approximate solution, which is then refined by
analytic methods to the desired degree of accuracy. A com-
bination of graphical and analytic processes leads in fact to the

greatest advantage.

Among graphical methods a prominent place is occupied by
nomography the science of the graphical representation of

functions especially in France, where the subject has received

great extensions. A short sketch of the subject is given by
Schilling, Uber die nomographie d'Ocagnes (Leipzig, 1900), while

a more complete discussion will be found in d'Ocagne's Nomo-

graphie (Paris, 1899). In nomography no actual graphical
calculation is carried through, but a substitute is provided for

a tabular representation of a function of several variables,

which for a large number of variables becomes in general
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exceedingly heavy. Such graphical representation of func-

tions possesses the great advantage over the tabular method
of compactness.
The nomogram in Fig. 1, for example, represents the expres-

sion

a e sin a =
fj,

regarded as a relation between the variables a, /^,
and e. (This

is the
"
Kepler

"
equation where e is the eccentricity of the

planetary path, ^ the mean, and a the eccentric anomaly.)
Associated values of a, ^M,

and e lie on a straight line.

FIG. 1.

To mention another example, consider the solution of the

quadratic equation

z 2 + xz + y = 0,

the roots being regarded as functions of x and y. It is easy to

produce a nomogram to represent this case. For this purpose
a rectangular set of co-ordinates xjy is selected and the straight
lines corresponding to the values

z = -
3,
-

2,
-

1, 0, + 1, + 2, + 3

inserted in the equation z 2 + xz + y =0 are drawn in that

plane. The lines envelop a parabola ;
on every line of the

system the corresponding value of z is written.

To determine the roots of the equation z 2
-f- az + 6 =0; by

means of this diagram, the point x = a, y = 6, is marked on
the figure and the two straight lines, if any, passing through
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that point noted. Should the point fall inside the parabola the

roots will be complex, if outside then two lines pass through it.

(It may be necessary, of course, to interpolate between the lines

actually drawn in the diagram.) The values of z associated

with these two lines are the two real roots
;

if the point lies on
the parabola then the equation has equal roots. In illustration

FIG. 2.

the point P in Fig. 2 corresponds to the quadratic equation

2 2 _ 32 _ 4 = o,

the roots being
*i = + 4, z, = - 1.

The rapidity of solution by this process is obvious.

For equations of higher degree such nomograms are equally

easy to construct.
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The care which ought to be exercised in carrying through
graphical constructions for these purposes is greater than that

customary in ordinary geometry. The drawing plays the same

part in the process as a calculating instrument on whose pre-
cision the accuracy of the result depends. It is important
above all, therefore, to select first-class drawing material. In
most cases it is advisable to use fine-grained white paper, which
should be stretched on the drawing-board. The lines should
be made as fine as possible, and points marked by pricking the

paper with a needle.

The beginner usually experiences peculiar difficulty in the

selection of his units of length. This choice will depend on how
small a change A of a quantity, represented by the length of a

line, is still discernible on the drawing. If the fifth of a milli-

metre is taken as the smallest distance that can conveniently
be detected an assumption justifiable with a good drawing

0*2
then the unit of length should be at most

-j-
mm. long. It is

consequently advisable to make a rough preliminary sketch in

order to appreciate the dimensions and scale of the drawing.
In using millimetre paper it is important to beware of any
stretching, which in some cases is quite considerable. It may
be remarked that it is possible to buy transparent millimetre

paper, polar co-ordinate paper, and rectangular co-ordinate

paper with logarithmic division along the axes
;

these will be
found very useful for many purposes.

3. TABLES AND MACHINES

Even when the calculator desires to work out his problems
with the aid of slide-rule or graphical construction, it is still

necessary, in the event of increased accuracy being required,
to turn to other means for assistance.

The use of four-figure logarithms will provide an accuracy
approximately ten times that given by an ordinary slide-rule.

These may be set out on one page, so that the continual incon-

venience of turning over leaves may be avoided. Such con-

veniently arranged tables are published by the firm of G. Koster
of Heidelberg. It ought perhaps to be remarked that it is

pointless to work with logarithms or other tables which involve

more figures than the accuracy of the data demands
;

the

waste of time that would thus be involved when dealing with a
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large set of observations is quite considerable. Whether tables

should be used, and if so which tables, are questions that can

only be answered according to circumstances. Physicists will

find Die Funktionstafeln mit Kurven und Formeln, by Jahnke
and Emde (Leipzig, 1909), exceedingly useful.

The slide-rule and the calculating machine will be fully
discussed in the next chapter. It need here only be remarked
in conclusion that the following means at the disposal of the

calculator are worthy of comparison :

In the first place the slide-rule and graphical constructions

provide results accurate to approximately 0-3 per cent.
;
four-

figure logarithms to an accuracy of 0-03 per cent.
; finally the

multiplying machine. In addition to these there may be

specially suitable tables for specific purposes. In the following

chapters reference will continually be made to the choice of

instruments and of methods, and the reader is earnestly
advised to carry through the calculations in the examples given
in order to become proficient in the most important weapon of

all, the facility and accuracy acquired by practice.

* Example (
1 ) . Produce a nomogram for the solution of equations

of the type

z 3 + xz + y = 0.

Hence find the real and the complex roots of the equations :

*
Example (2). z3 + 2z 5 = 0.

*
Example (3). z3 Olz + 2-8 = 0.

*
Example (4). z3 lOz -f 1 = 0.

*
Example (5) . Produce a nomogram for the solution of equations

of the type

x cos z + y sin z = b.

Hence find the real roots of the equations :

*
Example (6). 3 cos z + 4 sin z 1.

*
Example (7). 3 sin z 4 cos z = 4.

*
Example (8). 1-2 cos z 3-5 sin z = 1-5.

*
Example (9). Produce a nomogram for the solution of the

equation

x cosh z + y sinh z b.

Hence consider the real roots (if any) of the equations :

*
Example (10). 2 cosh z -f- sinh z = 2.

Example (11). 4 cosh z 3 sinh z = 3.

Example (12). -5 cosh z + 4 sinh z = 3.

*
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The following table contains many useful approximations :



CHAPTER II

SLIDE-RULE AND CALCULATING MACHINE

A. THE SLIDE-RULE

1. GENERAL THEORY OF THE SLIDE-RULE

ON
account of the convenient and manifold uses to

which it may be put, the logarithmic slide-rule has

acquired great vogue. It is nevertheless not utilized

to the full extent that it might be, since so many of its

applications are not generally known.
Before we enter into a discussion on the logarithmic slide-

rule in particular, it is proposed to consider the theory of

slide-rules in general. It may conceivably quite well be the

case that for the repeated treatment of a class of special

problems the production of a slide-rule specially adapted
for that purpose is advisable. Instances of this will occur as

we proceed. The logarithmic slide-rule will appear as a

particular application of the general theory.

Every slide-rule serves the purpose of representing a func-
tional relation between a number of variable quantities.
We commence by representing a function of one variable

y = f(x) by means of a "
scale."

A suitable unit of length is selected on a straight line, and a
definite direction as positive ;

the values of the function t/x

are then set off as lengths corresponding to convenient values

#A of the argument corresponding, say, to integral numbers.
If the unit of length is I mm., then lengths t/A . I mm. are set

off on the line, and at the end point of each interval the value

of #A of the argument is written. If, for example, f(x)
= -, we

obtain the accompanying figure (Fig. 3). The numbers (0)
and (1) in brackets above the line represent the beginning
and end of the length chosen as unit, and give the positive
direction, while the other numbers are the values of the

argument #A .

13
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We may then assert that the distance of a point bearing the

number x^ on this scale measured from (0) in terms of the unit

length I gives the value of the function y^= f(xj.

Suppose two functions y f(x) and
r\
= g() have been

(0) (1)

I I I I I Mill I HI II I I

-1 -2 -3-4-5 54
FlG. 3.

mapped on such scales to units of length lx and l^ on mov-
able strips of paper so that they may be placed adjacent to

each other as in Fig. 4. Let the upper and lower scales

represent f(x) and g($) respectively, N\ and N 2 the origins of

the scales, and the arrows the positive directions. Now con-

i *i?
*-
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the one is the negative direction of the other (Fig. 5), then we
get the relation :

By a suitable selection of the functions of f(x) and g() and of

! i

AT,?
*-

|
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tance that can be accurately appreciated is As, then changes
in Ay of y can be read on the scale, given by the equation

As = I . Ay or Ay = -j

Once the unit of length has been selected, then we must
consider the possibility of an error Ay in reading the quantity

y on the scale. Now the relation between the error Ay of the

reading, and the corresponding variation in A#, is to a first

approximation

Thus the error in reading any number x depends on that

A#
number in such a way that - - has always the same value,

x

i.e. Ax is proportional'to the value of the variable x. In other

words, the relative error in reading x on the logarithmic scale is

always the same. This error is in addition inversely propor-
tional to the length chosen as unit.

A second important property of the logarithmic scale is a certain

form of periodicity in the arrangement of the successive division

points on the scale. Imagine the values of the function y =log x
set out for the values of the independent variable x corre-

sponding to

x = 1, 2, 3, ... 9, 10,

then we derive a row of ten non-equidistant points of division

on the scale.

If the points of division are further set down for

x = 10, 20, 30, ... 90, 100

the sequence of this second group of points is exactly the same
as for the first group for x 1, ... 10. In the same way
the same picture is derived for the values of x :

x = 100, 200, . . . 1,000,

and so on.

That this must be so is immediately evident when we
recollect that the distance between the two points of division

corresponding to the numbers x^ and x 2 is

I (log XL log # 2) mm.
If instead of x^ and x2 we take any other numbers of the form
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and 10n# 2 >
then the distance between the points of

division corresponding to these is

I . (log 10^! - log 10nz 2) mm.
= I . (log 10" log 10n -|- log #1 log #2) mm.

which is the same as in the previous case. If the values of x
are suitably selected, say in the above manner, we shall derive

a scale composed of a series of congruent sections. It there-

fore suffices to take a portion of finite length, since from it a

scale of infinite length can immediately be constructed. It

follows from this also that the relative error is constant. The

points of division 8 and 9, for instance, are the same distance

apart as the points 80 and 90, or 8,000 and 9,000. If now the

unit is chosen so small that these two points of division are not

distinctly separated, then the error in reading would be 1, 10,

or 1,000, as the case may be, or everywhere 11 per cent.

These two characteristic properties of the logarithmic scale

constant relative error of reading, and representation of the

complete scale by one section of finite length, are the funda-

mental points on which its manifold uses rest.

3. THE LOGAKITHMIC SLIDE-RULE

The Rule

The logarithmic slide-rule, or, as we shall call it, following the

usual custom, merely the slide-rule, consists of three parts : the

rule or fixed portion ;
the slider, which runs along a groove in

the rule
;
and the cursor, a small transparent arrangement for

sliding on the rule lengthwise, and marked with a zero line on
the transparent portion. To understand what follows it is

essential that an ordinary slide-rule of about 27 cm. in length
should be to hand (see Fig. 6).

Withdraw the slider and consider the rule alone. It carries

two logarithmic scales. Examining the upper scale we see

that it consists of two identical sections, having apart from the

finer subdividing lines two groups of markings each with a
number attached 1, 2, ... 9.f
We propose commencing with the conception that the scale

thus presented to us is a section of the infinite logarithmic scale.

t There are models in which the upper scale is consecutively num-
bered 1, 2, ... 9, 10, 20, ... 90, 100. We do not consider this

advisable.

2
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That is to say, we must remember that the numbers set out

alongside the lines of division may be read as units, tens, or

tenths, hundredths, etc. If, for example, we read the numbers
on the upper scale as

1, 2, ... 9, 10, 20, ... 90, 100,

then the scale must be conceived as a section bounded on the

left by the zero point, for since log 1=0, the number 1 stands

at the zero point of the scale.

If, on the other hand, the numbers from left to right are read

say as :

0-1, 0-2, . . . 1-0, 2-0, ... 10,

then the origin must be supposed taken in the centre of the

FIG. 6.

scale, and so on. In our minds then we always operate with

an infinitely long scale.

The lower half of the rule has also a logarithmic scale upon
it, but if a comparison is made with the upper scale it will be

seen that the unit of length in the latter is half that in the

former. If the unit distance in the upper scale is I mm., that

in the lower is 21 mm. Let the numbers on the upper scale

be x, and on the lower . By means of the cursor we see that

a number x on the upper scale stands opposite some number
on the lower. What is the relation between these two

numbers ? If the numbers on both scales be read so that the

first one on the extreme left is 1, then clearly the origins of both

scales coincide. Hence the following relation holds between

x and (see the first equation, p. 14, inserting c = 0)

I . log x = 21 . log
or log x = 2 log
i.e. x = *.

The numbers on the upper scale are therefore the squares of

those on the lower scale. Hence the slide-rule may be used

directly for evaluating squares and square roots.
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In order to avoid errors in the position of the decimal point,
it is advisable to write numbers which are to be squared in

such a form that they have one figure only before the decimal

point, and are multiplied by the appropriate power of 10.

The latter term is then easily squared, while the decimal
fraction is squared on the slide-rule

;
under these circum-

stances errors rarely arise.

For example, suppose it is desired to square 0-000376, we
write :

0-000376 2 = (3-76 x 10'4
)
2 = 14-14 x 10~

8

= 0-0000001414.

In extracting square roots a similar process is adopted except
that the factor must be an even power of 10, since it is then

easy to extract its square root mentally. Thus :

VO-371 = V37-1 x lO- 2 = 6-09 x 10'1 = 0-609.

These examples indicate moreover how essential it is, in

working with a slide-rule, to make use of paper and pencil at the

same time.

4. THE FIRST POSITION OF THE SLIDE-RULE

If now we examine the slider we find scales on both sides.

On one side there are two scales only, and this will be referred

to as the upper side of the slider. If the latter be slid into the
rule so that this side is up and the figures upon it correctly
situated for reading (i.e. in the same way as the figures on the

rule], then we get the first or normal position of the slide-rule.

If the slider is driven home so that the one on the

extreme left end coincides with the one on the Q x i

rule, we find that the two scales, that on the
J

slider and that on the rule, are completely con- r~ }
j

gruent ;
that is to say, it also is a logarithmic FlQ 7

scale. The upper scale has a unit length lx mm.
in our previous notation, and the lower scale on the slider a
unit length 2lx mm.
Let the numbers on the upper scale of the slider be called y

and those on the lower
77.

The adjoined drawing will make
the notation we have chosen clear.

If the slider be now drawn out a distance either to the right
or to the left, then the equation on p. 14 applies to two mini-
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bers x and y, which stand opposite each other on the slider and
rule

;
thus we have the relation

log x log y = constant = log xl log yl

x x
or -

;

y 2/1

and the same equation applies to the two numbers $ and
r\
on

the two lower scales.

Hence, for^any normal position of the slide-rule, the numbers

appearing opposite to each other on the two upper or on the two
lower scales are in a constant ratio.

All changes in units may be effected by one setting of the

slider in the normal position. If, for example, it is required
to convert temperatures expressed in Reaumur into Centigrade
the numbers 4 and 5 (or 80 and 100) are set in coincidence, and

corresponding temperatures appear on their respective scales

in coincidence. In applications of this nature the slide-rule

is much more suitable than any table, since it dispenses with
the necessity for interpolation.

This property of the rule may be expressed in the following

striking form :

// the division between the rule and the slider be conceived as the

division line of a fraction formedfrom any two numbers appearing
opposite each other, then the fractional value is constant for all

such pairs of numbers.
To construct the product of two numbers insert y l 1 in

the formula

x x 1

y 2/1

x = x$.

Expressed in words the process is to place 1 on the slider

opposite the one factor on the rule, and the product will be
on the rule opposite the other factor on the slider.

To evaluate the quotient of two quantities insert y l
= 1 in

/v /Y

the proportion -- =
. The method, expressed in words, is

y 2/1

to place the divisor (y) on the slider opposite the dividend (x)

on the rule, then the required quotient (x^ will be found on the

rule opposite the 1 on the slider.
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The rule for multiplication and division may be deduced

immediately from the equation :

log x log y = log &!

without using the proportional formulae at all. For multipli-
cation it is merely necessary to add the logarithms of the

lengths representing the two factors, and for division to sub-

tract them. For example, to evaluate 2x3, the 1 on the

slider is to be placed opposite the 2 on the rule, then the result

6 appears above the 3 on the slider. The distance of the

number 1 (the zero of the scale) from the number 2 on the rule

represents the logarithm of 2, and similarly the distance of the

1 from the 3 on the slider is the logarithm of 3, so that the

setting described above is really equivalent to the addition of

these two distances. The sum then appears as the distance

from the 1 to the 6 on the rule. In the same way division may
be regarded as obtaining the difference between two distances.

Although this latter view-point appears to be the simpler, it is

very important that the user should become familiar with the

idea of regarding the problem from the point of view of

proportion.
So far we have dealt merely with the upper scales of rule and

slider. The same rules apply of course to the two lower scales

for analogous operations. In general it is more convenient to

work on the upper scales. It is true that double the accuracy
is obtainable on the lower scales because the unit of length is

double that in the upper, but that is a small advantage in

comparison with a difficulty we shall presently discuss in

connexion with the use of the lower scales.

In the first place, we must remember that we are regarding
the scales of the slide-rule as a suitable section of the infinite

scales. We may in fact imagine the numbers standing at the

points of division, 1 to 9, as multiplied by an arbitrary power
of 10, all the numbers on the one scale being multiplied by the

same power of 10.

Now suppose we wish to carry through the operation
3 x 7 = 21 on the lower scales, we will in the first place regard
each number on the lower scales as so many units, and then set

the 1 to the extreme left of the slider, opposite the 7 on the rule.

We find however that the 3 on the slider that ought to stand

opposite the result is now outside the range of the rule. We
may overcome this, however, by pushing the slider right back
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until the 1 on its extreme right is opposite the 7 on the rule.

We must now regard this 7 as 70, however, the 3 on the slider

being opposite to the result 21. Imagine the two infinite scales

of slider and rule so set that the 1 on the slider is opposite the

7 on the rule, then this setting is unique and the 3 on the slider

will stand opposite 21 on the rule. The idea of pushing the

slider right back, as was done above, may be considered from
the following point of view : The slider carries the section 1

to 10 of the infinite scale, while the rule before pushing the slider

back represented a section 1 to 10, and after 10 to 100
;
so that

in a sense the latter setting brought into being another section

2
of the ideal infinite scale. For the division on the lower scale

b

it would again be necessary to push the slider right back,

bringing the same principle into play. In calculations con-

ducted on the upper scale this operation very rarely requires
to be applied, since it covers double the ranges of numbers of

the lower scale. For this reason calculations on the upper
scales are generally preferable.
The principle of operating with the infinitely long scale is

particularly useful for calculations in proportion, and deter-

mines in each case the position of the decimal point. It is

always advisable, however, to check the results found by means
of the slide-rule, by a rough estimate. For this purpose the

method described on p. 19, making use of powers of ten to

write the numbers in a special form, may be applied, since it

also indicates the position of the decimal point.
The normal position of the slide-rule is also admirably

adapted for the evaluation of a series of products each of which
has a common factor. The 1 on the one scale is set opposite the

common factor on the other, the required product appearing
in each case on the latter scale opposite the remaining factor

;

no separate setting of the slider is required in general, although
in certain cases it may be necessary to push the slider right

back, setting from the other end of the rule as already

explained.
The normal position of the slide-rule may also be utilized to

bring out a rather complicated relation between quantities.

By means of the cursor, which has so far not been used to any
great extent, we may set in coincidence numbers appearing on
scales which do not lie together, for example the numbers x on
the upper scale of the rule, and the numbers

r\
on the lower scale
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of the slider. If we remember that the same relation holds

between the numbers on the upper and lower scales of the

rule, as between the upper and lower scales of the slider, that

x
indeed y = r)

2
,
then it follows from the equation = constant,

\j

X
which holds for x and y, that - = constant

;
this is the

relation between the numbers on the upper scale of the rule and
the lower scale of the slider. (In analogous manner we have

the equation - = constant.)

The example given below of the use of these formulae illus-

trates also how the slide-rule may be utilized for the
"
smooth-

ing
"

of experimental results. We assume a relation of the

form x = C7?
2 holds between the two quantities x and

77,
and

from a series of measurements the following pairs of values

have been found :

x =0-328; 0-565; 1-18; 2-07;

77
= 1-13

; 1-47; 2-13; 2-80.

What is the value of the constant c ?

If an attempt is made to set the numbers opposite each other

simultaneously we find this is not possible for them all for any
one setting of the rule, but taking into consideration the mag-
nitude of the possible experimental error a position can be
found which appears correct. Above the 1 to the left of the

slider we find the number 0-263 for the constant
;

thus by
seeking the correct setting of the slider we obtain an estimate

of the accuracy with which the constant is determinate from the

series of measurements, we find in fact that the last digit 3 is

uncertain to the extent of two units.

5. THE SECOND POSITION OF THE SLIDE-RULE

If the slider be completely withdrawn and inserted with the

same face up, but upside down, so that the figures appearing
on it are inverted, we get the second position of the slide-rule.

Let the scales on the slider still retain their representative

symbols, the upper scale y and the lower scale
r\

as in the

arrangement shown in Fig. 8, where the rule is imagined as

reversed.
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Now consider the upper scales of the rule and of the slider,

the numbers on which can now only be recognized as being in

coincidence by means of the cursor
;

this pro-

[
to

I
vides an illustration of the case treated in

(J
1, where the two scales were oppositely

I 3] directed. Between any two numbers x and y,

FIG g
or #! and ylt standing opposite each other, we
have the following equations :

log x + log y = const. = log x + log y l

or

xy = const. = x^.
Thus on the two upper scales in this second position of the

slide-rule numbers appear opposite each other whose product is

constant. In this position also, therefore, multiplication and
division may be effected as in the first position. If we put

then x . y = y or x .

Division on the slide-rule in this position is carried through
with particular ease when the same number is to be divided in

succession by each of a whole series of different numbers. For
this purpose the 1 on the upper scale of the slider is set opposite
the common numerator on the upper scale of the rule

;
if the

separate divisors are found on the slider scale, the quotients
will be found opposite them on the appropriate scale on the

rule. For the determination of a series of quotients, therefore,

there is no necessity to alter the setting of the rule.

Again recollecting the fact that between the upper and the

lower scales of the slider the relation y = 77
2
holds, we see now

that the values of x and
r\

of the upper rule and lower slider

scale are connected by the relation :

XT)
2 = constant,

and on the other side analogously :

2y
= constant.

Many applications can be made to depend on these relations.

We may, for example, utilize them for the solution of cubic

equations, when expressed in the simplified form in which the

quadratic term is absent :

z 3 az + b = 0.
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Writing the equation in the following form :

we determine the position of the given coefficient 6 on the lower

scale of the rule, and set the 1 on the lower scale of the slider

at that point. The root z is then sought for among the num-
bers on the lower scale of the rule in the following manner :

We take some number for trial on this scale and fix it by
means of the cursor. On the upper scale of the rule some
number x = 2 stands opposite it. Coincident with this num-
ber x we find on the lower scale of the slider a number

r\
whose

product with gives 6, that is to say r\
= . Thus on the upper

rule and lower slider scales the two numbers f
2 and are

coincident with a number on the lower scale of the rule.

These are all fixed by one position of the cursor. These are

then to be so selected by trial and error that the sum of the

coincident numbers f
2 and is equal to the third coefficient

a in the given equation. The signs of the coefficients must of

course be carefully considered, and in addition it is important
to remember which section of the infinite slide-rule is being

operated upon. Thus it will be possible to affix a sign to for

each position of the cursor, and to multiply it by any power of

10. Both these points must again be carefully considered in

relation to the coincident numbers |
2 and . The correct value

of may be found by following a systematic method of trial.

For each position of the cursor before it is moved the sum of

2 and is noted, and this enables us at once to decide in

which direction the cursor ought to be moved in order to bring
the sum nearer to the given quantity a. It may happen that

the value of the sum approaches a at first and then recedes

from it without reaching it, in which case the equation will be
found to

t
have two complex roots. Finally, during the trial

it may be necessary to push the slider right back several times
as already described, in which case the altered order of the

numbers must be carefully attended to.
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As an example consider the equation :

23 _ 7.232 _ 2-72 =

or z 2 - = 7-23.
z

The slider is pulled out leftwards and the 1 at the right end is

set opposite 2-72 on the lower scale of the rule. Commencing
with | = + 1 for trial we find

(
2 = + 1, j

= -
2-72,

making the sum 1 2-72 = 1-72.

Now try | = 2, and we obtain as sum

4 - 1-36 = + 2-64,

indicating that we are on the right track. = 2-5 is likewise

too small, since it gives as sum

6-25 - 1-09 = 5-16.

Now push the slider back to the right so that the 1 on its left

coincides with 2-72. Trying = 3 we get as sum

9 - 0-906 = 8-094,

which is too large a number. Accordingly if the root is real it

must lie between 2-72 and 3, and in actual fact it is now easily
found that = 2-86.

For positive values of no other root can be found. Assum-

ing negative we find the other two roots are

= _ 0-381 and - 2-48.

As a check against the presence of large errors, if we take

the sum of the three roots, we get 0-00.

In Chapter III a method will be developed for increasing the

accuracy of any required root to any desired extent. It will

also be shown there how an equation of the third degree, given
in the general form, may be transformed into the shorter form
taken above for treatment by means of the slide-rule.

The problem of evaluating the cube root of a number may
be treated as a special case of the solution of a cubic equation.
Here we put a =0 and the given number equal to b. The
method of solution described above is then immediately appli-

cable
;

the numbers 2 and as defined above must in fact

be equal, since b < and a = 0.
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The reader will find no difficulty in developing a correspond-

ing method of solution for the quadratic equation. This will

be found suitable for application when the solution of a large
number of such equations is in question, where corresponding
coefficients differ little from each other. Having found the

solution for one, only a slight readjustment of the slide-rule is

necessary in each case to determine the others.

It may be remarked in conclusion that the setting of the

slide-rule described in this section is not the only one that may
be utilized for the solution of the problems with which we have

dealt, but by various interchanging of the scales other methods

may be evolved. The student is recommended to attempt the

discovery of such alternative methods, as an excellent exercise.

6. THE THIRD POSITION OF THE SLIDE-RULE

The slider is now set into the rule so that its lower surface

lies uppermost with the numbers appearing on it in their normal

position for reading. Let the setting be made so that the end
marks on all the scales are coincident.

Consider in the first place the upper scale of the slider,

marked on most slide-rules with the letter
"
s." On this scale

the function log sin a is set out, the unit of length being I mm.
The numbers which appear at the division marks represent the

angle a in degrees and minutes,f The zero point of the scale

lies at the extreme right, since at that position a 90, and

consequently sin a = 1 and log sin a = 0.

Let us now regard the upper scale on the rule as representing
1 at the extreme right, the other numbers being fractions

ranging upwards through 0-01 and 0-9. Since the unit of

length in each scale is the same, the following equation holds

between the numbers x and a for this setting :

log x = log sin a,

or x = sin a.

Thus the slide-rule is equivalent in this respect to a table of

trigonometrical sines.

Now displace the slider either to the right or the left, and
the relation becomes :

log x log sin a = log x t log sin cti

sin a sin ai

t It would have been better if these had been expressed in decimals.
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where x, a and x lt a are pairs of coincident numbers. In par-
ticular if the angle a = 90 corresponds to the number x l on
the scale of the rule, then

x = Xi sin a.

Thus the slide-rule gives the value of the sine multiplied by
any constant a^, each setting of the slider corresponding to a
definite value of this constant. The magnitudes of the num-
bers x and Xi are quite arbitrary.

This position of the slide-rule is particularly suitable for the

trigonometrical analysis of triangles. If a l5 a 2 ,
and 3 are the

three angles of the triangle, and x l9 x z ,
and x3 the correspond-

ing opposite sides, the relations

3/1 3/2 *^3

sin a i sin a 2 sin a3

hold between the angles and the sides
;
but this is exactly the

relation that connects x and a on the two upper scales of the

slide-rule when set for the third position. If the lengths
X! and x z of two sides of a triangle are given, for example, and
the angle ax opposite x lt then x^ and a x are set in coincidence

on the slide-rule and the angle 2 will be found opposite the

position x 2 . The remaining angle as is then found from

a 3
= 180 -

(Ol + a t)

and the length xs of the third side appears on the rule, opposite
a s . If two sides and the contained angle are given, then it is

necessary to find by trial a position of the slider for which the

two angles which coincide with the division marks for the two

given sides, together with the given angle, are equal to two

right-angles. All the unknown elements of the triangle can
then be found from this setting.
For angles less than 35' the sine may be replaced by the

angle in radian measure within the degree of accuracy provided
by a slide-rule.

The lower scale of the slider, marked T, represents the function

log tan f$, expressed in a unit of length double that of the upper
scale. For the setting of the slider in which all terminal marks
of all the scales coincide, the following relation therefore holds

between the two lower scales :

log | = log tan
ft

or = tan
ft.
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For any arbitrary setting of the slider we get

f = f 4 tan ft

where |x coincides with the division mark at the extreme right
of the lower scale of the slider. On the tangent scale, the

extreme right division mark is the zero-point, since for that

position p 45.
.-. log tan ft

= 0.

For angles less than 6 whose tangents are not marked off on

the slide-rule, the sine of the angle may be substituted for the

tangent without appreciable error, and therefore the upper
scale may be used. The values for angles greater than 45 may
be obtained directly from the tangent scale by means of the

following artifice :

Suppose we have an infinite scale for the function log tan
ft.

Now

tan (45 + rt -
(

. _
y)

.

therefore

log tan (45 + <p)
= -

log tan (45
-

y),

and consequently the infinite scale will be composed of two

portions, mirror images of each other about the zero-point.

Suppose 45 + (p
is written as argument at the division marks

of the scale, then
9?
= will appear at the zero-point, positive

values of <p increasing as we move to the right. Negative
values of <p do not, of course, concern us now. The symmetrical
picture to the left will correspond to values of

q>,
also increas-

ing from the zero-point, for the quantity 45 <p
at each

division mark. The left half of the scale, however, is exactly
what appears on the slider if what we previously denoted by ft

we now denote by 45
<p,

so that

ft
= 45 -

(p.

Now draw the slider completely out, and replace it so that

the numbers on the scales are inverted, and the terminal
division marks of slider and rule coincide. Consider now the

lower scale of the rule and the
"
lower

"
scale of the slider (this

"
lower

"
scale now appears above, of course) ;

then the lines

of division on these two scales must reproduce the picture of

the right half of the infinite tangent scale for log tan ft provided
to the division marks are supposed affixed the argument
45 + <p. The inverted numbers of the tangent scale, when
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read from left to right, give not 45, 40, 35, 30, etc., but

45, 50, 55, 60, and so on
;

that is to say,

ft
= 45 + <p-

Here we regard the extreme left division mark 1 of the lower

scale on the rule as the zero, and read the numbers on that

scale from left to right : 1, 2, 3, ... 10. These numbers on
the lower scale of the rule, and the numbers 45, 50, 55, etc.,

on the lower scale of the slider, are seen by means of the cursor

to be coincident, and satisfy the equation
= tan ft

for this setting. For any other setting of the slider we would
have

f-^tan ft

where however we must have

ft > 45 and { > 1.

This inverting of the slider does not imply any alteration in

our ideas of positive and negative direction, but it is merely a

method of
"
realizing

"
another portion of the infinite scale,

which will enable us to read off the tangents of angles ft ]> 45.
We may leave as an exercise to the reader the determination

of the remaining relations that hold among the readings on the

scales for this fourth position of the slide-rule. It is, however,

necessary to draw attention to the scale along the centre of the

slider. This scale is nothing more than a simple measuring rod

and may in fact be used for ordinary measurements of length.
So far we have not found it necessary to consider to what base

the logarithms which appear on the slide-rule refer. Now,
however, let us assume that these have all been taken to the

base 10, then the lower scale on the rule is such that its unit

of length extends from the extreme left to the extreme right,
since Iog10 10 = 1. Thus the unit of length for the scale in

the centre is equal to that of the lower scale on the slider. If

the slider is driven right home in the fourth position, then by
means of this scale it is possible to measure the distance of the

lines of division on the lower scale of the rule, from the zero-

point, in terms of this unit. These distances are the logarithms
to the base 10 of the corresponding numbers which appear on the

lower scale of the rule.

Using the previous notation, and applying the general theory
of the slide-rule, we may say that the middle scale represents
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the function =
z, with 21 as the unit of length, z representing

the numbers which appear on the scale. Hence the relation

which holds between this middle slider scale and the lower rule

scale for the fourth position of the slide-rule is

21 . z 21 . log 10
= constant.

When the slider is driven home, the constant is zero, and we
have

z = Iog10 f.

For any other setting we have

Z - loglo 1=2!- loglo ( 19

so that, if Z! be made zero

The three scales on the under-surface of the slider may also

be utilized in yet another manner for the first position, that is

to say, without reversing the slider. In most slide-rules on the

market, two slits, one at each end, are made on the under-side

of the rule, so that the scales on the lower surface of the slider

are visible at these two ends. In each slit a mark will be found
on the rule, coinciding with the end division marks on the rule.

With the slide-rule in the first position pull the slider a small

amount to the right, then on examining the lower surface of

the slider through the slit it will be seen that a number a on the
sine scale coincides with the mark in the slit. On examining
the face of the slide-rule again we find that the 1 on the right
of the upper scale on the rule coincides with a number y^ on the

upper scale of the slider, where this number is the same distance

from the ends of the slider as the number a on the sine scale.

If for the moment the slider were imagined transparent, the

numbers a and y^ would appear in the same position, connected

by the relation :

y l
= sin a,

since the same relation holds between these scales as between
the upper scales of the rule and of the slider in the third posi-
tion.

The number y 1 on the upper scale of the slider coinciding
with 1 on the upper scale of the rule thus provides the sine of

the angle a indicated by the number opposite the mark on the

slit. Thus the first position of the slide-rule enables us to read
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off the sines of angles. Moreover when the 1 on the rule is

opposite ?/! on the slider, then for all numbers x and y which
coincide on these two scales we have the equation :

where the numbers x and y must be taken of the same order of

magnitude. This may be applied at once to determine an

angle whose sine is given as a proper fraction. If, for example,
sin a = f, then we set y = 3 on the slider opposite x = 4 on
the rule, and on reversing the slide-rule we find a = 48-6

indicated by the mark in the slit.

A process somewhat analogous may be applied to the tangent
scale. Here however the mark in the slit coincides in position
with the 1 to the left of the scales, so that the slider is pushed
to the left. If the numbers | on the lower scale of the rule are

read as 1, 2, 3, . . . 10, and the numbers
r\
on the lower scale

of the slider as 0-1, 0-2, 0-3, . . . 1*0, and if
ft is the angle on

the tangent scale, then we have the equation :

for the number r\^ that appears over the 1 to the left of the scale

on the rule, and any two coincident numbers f and
r\
on the

lower scales of rule and slider, ft being the angle indicated by
the mark in the slit.

At the right-hand end of the rule, in the slit there is yet
another mark leading to the scale running along the centre of

the slider. This indicates how far the latter has been drawn
out to the right, and is therefore the logarithm of the number
which appears on the lower scale of the rule opposite the 1

on the slider.

This completes our discussion of the slide-rule, and the reader

can only be advised to make himself proficient by practice in

its various uses. For this purpose it is worth while carrying

through a number of calculations by other and more exact

methods in order to appreciate the degree of accuracy that

may be attained by means of the slide-rule. This will depend
very largely on the accuracy of manufacture of the slide-rule

and the personal care of the calculator himself.

In conclusion it may be remarked again that there are many
other slide-rules of special design for use in particular forms of

calculation, but their theory is contained in the general treat-
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ment given in the first paragraph. There are, for example,
so-called navigation slide-rules for the solution of spherical

triangles ;
these carry two congruent scales for log sin leading

sin a sin a!
to the equation -r -

5-.

sin
ft

sin P!

Examples.
1. The price of 5-23 kg. of material is 82-70 marks.

(a) How much does 16-5 kg. cost ?

(6) How much material can be purchased for 38-00 marks ?

Set x = 5-23 and y = 82-70 in coincidence with the rule in posi-
tion I. The weights then appear generally on the x scale and the

prices opposite them on the y scale.

Ans. : (a) 261 marks. (6) 2-40 kg.
2. Four merchants, A, B, C, and D, have ordered 12-5, 16-0,

8-75, and 6-8 tons respectively of a certain material, but there are

only 35-9 tons to hand. How much does each receive if the material

is divided proportionately among them ?

The orders are set down in a table as under :

A 12-5 10-2

B 16-0 13-05

C 8-75 7-14

D 6-8 5-55

Sum = 44-05 35-94

With the slide-rule in position I the sum of the orders x = 44-05

is set opposite y = 35-9, then opposite the number for each order

on the x scale appears the quantity to be given to each merchant,
on the y scale. As a check the sum of these is obtained, giving an
error of approximately TtoVo within the error of a slide-rule calcu-

lation.

3. It is known that a relation of the form v = c/p holds between
the two variables p and v, while the constant c is unknown. When
p = 15-3, however, v = 0-36. What values of v correspond to

p = 1, 2, 3, . . . 20 ?

In position II of the slide-rule set x = p = 15-3 in coincidence

with y = v = 0-36. The given values of p on the one scale then
stand opposite the required values of v on the other. Thus

v = 5-50, 2-76, 1-84, 1-38, . . . 0-306, 0-290, 0-276.

4. A solid circular cylinder of 0-76 metres in length and d = 40
mm. in diameter weighs p = 23*6 kg. ;

it is required to find the

weights of cylinders of the same length and of 20, 25, 30, and 50
mm. diameter respectively ; and to find the diameters when the

weights are 10, 15, 20, 25 kg.
3
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The weights are proportional to the squares of the diameters.

Thus in position I, x = p = 23-6 is set opposite 77
= d 40, and

the weights appear on the x scale and the diameters on the 17 scale.

Ans. x = p
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(5) In a triangle ABC of sides a, 6, c, given a = 7-53, c = 3-26,

C = 15 30', find the remaining sides and angles by means of the

slide-rule only.

(6) Given a = 154, 6 = 14-8, C = 33 33', find c, A, and B.

B. CALCULATING MACHINES

7. CONSTRUCTION

There is a large number of calculating machines on the

market at the present time. Instead of surveying the whole
field generally, it is proposed to restrict consideration here to

a model of one of those most commonly used, especially one
most suitable for mathematical calculations, and to consider its

construction in detail. The reader should then find no diffi-

-culty in working with other forms of such machines. For

purposes of illustration, then, we will choose Burkhardt's calcu-

lating machine, one whose principle had already been ex-

pounded by Leibniz, although it was not till some time later

that Thomas reduced it to a practical form of construction.

Fig. 9 is a picture of the machine. On the lower half ten

vertical slots are visible, along which knobs may be pushed.

Adjacent to these slots numbers are printed, 0, 1, 2, ... 9.

Suppose the knobs are set opposite these numbers in any
arbitrary manner, then in this portion of the apparatus,
referred to as the setting mechanism, we may represent any
ten-digit number

;
in the figure 1,323,625,769 is represented.

In the right lower corner of the diagram there is a crank set

in the vertical position, the position of rest. Above the setting
mechanism there is a rectangle extending right across the

machine and containing a number of circular holes in two rows.

The upper row belongs to the portion called the counting

mechanism, and the lower one to the turning mechanism, f
The two knobs to the right of these holes are effacers, i.e. they
are used to set the numbers that appear in each hole to zero.

By twisting the knobs that stand directly under or over the

holes any number may be made to appear in these holes.

Now suppose that zeros only appear in these two rows of

holes, while some number different from zero appears in the

setting mechanism, say 365,495. If now the crank be turned
once in the clockwise direction, then the foregoing number

t We prefer this designation to the more common "
quotient

mechanism."
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appears in the holes in the counting mechanism. Had there

been a set of numbers instead of zeros in the counting
mechanism before turning the crank, then the sum of the

two numbers in the setting mechanism and in the counting
mechanism would have appeared. In short, by turning the

crank once, any number which appears in the setting mechanism
is added to that which appears in the counting mechanism. The
final sum appears likewise in the counting mechanism. This

principle is common to practically all calculating machines,

appearing in this sense as addition machines. The actual

device whereby this is achieved depends on the particular

FIG. 11.

machine. We propose to explain how it is effected in the

case of the machine shown in Fig. 9. The internal arrange-
ment in this case is shown in Fig. 11, where for purposes of

simplicity the crank is drawn in a different position. Under
the slots already referred to there are shafts which are rotated

through one revolution for each turn of the crank. The
shafts are fitted with a specially constructed set of teeth.

A system of nine metal strips, parallel to the axis, are attached

to the cylindrical surface of the shaft and evenly spaced round
it. The lengths of these strips increase in arithmetical

progression. In Fig. 11, to the lower left of the diagram
one of these shafts will be seen. Parallel to each such shaft

there is fixed a rod of rectangular section, to which is attached

a toothed wheel capable of sliding along the rod as an axis.

Now the knob already referred to as being capable of sliding

along the slot of the setting mechanism is connected to this
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toothed wheel in such a manner that by displacing the knob

along the slot the toothed wheel is displaced along the axis

of the rectangular rod. The lengths and spacing of the

metal strips on the shaft are so adjusted that for the position
of the knob marked zero the teeth qf^the wheel do not engage
with any of the metal strips. On sliding the knob opposite
the number 1, the toothed wheel is displaced to such a position
that it engages with only one metal strip, viz. the longest,
for one revolution of the shaft. For any other position of

this knob, the number opposite that position gives the number
of metal strips the toothed wheel will engage on the shaft.

There are ten teeth on the wheel, so that it is turned by an
amount ranging from one-tenth to nine-tenths of a turn,

according to the setting of the knob, for each revolution of

the shaft about its axis. The rotation of the toothed wheels

involves as a consequence the rotation of the rods of rectangular
section to which they are attached. Each such rod carries

at its end (see the extreme left of the figure), two conical

wheels which may be translated together by a definite amount

along the axis of the rod, a translation that is effected by
means of the lever already referred to. Under the hole

which is immediately above them there lies a circular disc

supported on a vertical axis, the discs bearing the numbers
1 to 9, so that some one of these figures is always visible

through the hole. The axis of each such numbered disc

carries a conical wheel which engages with one or other of

the conical wheels on the rectangular rod, according to the

setting of the lever.

By a simple adjustment, moreover, each numbered disc may
be brought into connexion with different shafts.

We are now in a position to consider the mode of operation
of the machine. If one of the knobs is set opposite a number,
say 7, and the crank is turned once, then the toothed wheel
and therefore also the rectangular rod is turned through
seven-tenths of a revolution. Now, according to the setting
of the lever, the conical wheels will cause the numbered disc

to rotate about its axis through seven-tenths of a complete^
turn in the one or the other direction, so that the number
visible through the hole above it will be increased or dimin-
ished by seven units. This explains the principle upon which
the operations of addition and subtraction depend. Yet
another mechanism, whose explanation would lead us too
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far afield for our present purpose, effects the
"
carrying-over

"

of a digit. It is merely necessary for this purpose that when
the figure passes the hole on turning the crank, one unit

should be added or subtracted, as the case may be, from the

digit which would appear in the adjacent hole to the left.f

8. ADDITION AND SUBTRACTION

To use the machine for the addition of numbers it is merely
necessary to set these numbers successively in the setting
mechanism by means of the knobs and to turn the crank once

after each setting. The sum of all these numbers then appears
in the appropriate place in the counting mechanism. To
the left of the slots in the setting mechanism another short slot

will be seen with a white knob of the nature of a switch. If

this knob is turned up then on turning the crank addition

takes place, if the knob is turned down, then subtraction, the

crank in both cases being rotated clockwise. (Other machines

dispense with this switch and simply rotate the crank in

the one or other direction for addition or subtraction.) By
adjusting this switch a series of additions and subtractions

may be carried through at will.

9. MULTIPLICATION

Retaining the setting of the switch for addition, the process
of multiplication may be carried through by putting a number
in the setting mechanism and turning the crank the proper
number of times

; turning the crank n times effects a sequence
of n additions of the number set out, i.e. it multiplies it by n.

The number of turns of the crank is recorded on the turning
mechanism, the numbers appearing in a set of holes under
those of the setting mechanism ;

the algebraic sum of the turns

is recorded if the switch knob setting for addition is con-

sidered positive and that for subtraction negative. Negative
numbers are recorded as red figures in the turning mechanism.
The rectangular plate holding the counting and turning
mechanism is movable in the direction of its length. In the

figure the position shown corresponds to that in which the

indicator hole of the counting mechanism to the extreme

right lies exactly on the prolongation of the slit in which the

f In Galle's book, Mathematische Instrumente, Leipzig, 1912, this

point is fully explained. It also contains a description of a number of

other machines.
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unit is set. Now this plate may be moved one or more stages
to the right, so that the second indicator hole of the counting
mechanism, or one of the succeeding ones, appears on the

prolongation of the same slit. The plate is fixed in this

position by rests. The mechanism for
"
carrying over

"
be-

tween the setting and counting parts operates in such manner
that the number set in the setting mechanism is brought
over by the rotation of the crank exactly to that group of

indicator holes which falls on the prolongation of the slot.

In the position indicated in the drawing, the unit place
of the setting mechanism corresponds with the unit place
in the counting mechanism. If the plate is displaced one

stage to the right, then the unit on the setting mechanism

corresponds with the ten on the counting mechanism, so that

one turn of the crank now produces an addition of ten times

the number appearing in the setting mechanism. If the plate
be displaced m stages, it is clear that the addition is now
10m fold.

To multiply the number 365,495 by 5347, the various

steps to be taken are as follows :

The first of these two numbers is made to appear in the

setting mechanism while nothing but zeros appear in all the

other indicating holes. The plate is then displaced completely
to the left and the crank turned seven times, the plate moved
one stage to the right, and then four turns of the crank. (This
indicates a 40-fold addition.) After one more movement of

the plate, three turns of the crank, and then another move-

ment, and finally five turns. In each position of the scale,

the arrow on the left of the crank points to an indicator hole

of the turning mechanism. The number appearing in this

hole provides the number of revolutions of the crank which
has been made in that position of the plate. In the present

example the number 5347 would appear in the turning
mechanism

;
we have consequently the following rule for

multiplying with the calculating machine :

To construct the product of two factors, the one factor

is to be placed in the setting part, and the other is made
to appear in the turning mechanism by rotation of the crank
and translating the plate. It is immaterial in what order
the separate parts of the latter are introduced during the
crank rotation.

It is clearly advisable, from the point of view of speed, to
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arrange if possible to have the minimum number of turns

of the crank. Accordingly the factor the sum of whose

digits is the greater should be used in the setting mechanism.
The number of turns, moreover, may be greatly diminished

by an artifice. For example, to multiply a number in the

setting mechanism by eight, the plate is placed in the position
shown in the diagram. Instead of turning the crank eight

times, however, the switch is moved over to subtraction, and
the crank turned twice, the plate then moved one place to the

right, the switch turned to addition and the crank turned

once more. In effect, instead of adding the factor eight times,

it was subtracted twice and added ten times, thus obtaining
the same result with only three turns of the crank.

A product of the form

a . (b + c + d + . . .)

is calculated with particular ease by means of this machine.

The number a is put in the setting part and the crank turned

b
;
efface the number in the turning portion, but leave that

in the counting part, viz., a . b. Now turn the crank through
c, whereupon the product a . c will be added to a . b already
in the counting mechanism. By continuing this process we

finally arrive at the sum of all the products, the answer

appearing in the counting mechanism.
To construct a row of products

a . b, a . c, a . d, . . .

which all have the factor a in common, without desiring to

add them, then once again a is inserted in the setting part and
the crank rotated for the first factor 6, noting the product.
For the second product, nothing is wiped out, but the number
b appearing in the turning mechanism is

"
changed

"
into c,

by turning the crank, using the switch and moving the plate

appropriately. For example, if b = 28 and c = 54, then for

the second product turn the crank four times in the unit

position with the switch set to subtraction, move the plate
one stage further, switch over to addition, and turn the crank

three times.

10. DIVISION AND EXTRACTION OF SQUARE ROOTS

The process of division is effected in the following manner.
The plate is moved to the extreme right and the dividend

set in the indicator holes on it to the extreme left
;
the divisor
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is then set up in the setting mechanism, likewise beginning
from the left, and the switch turned over to subtraction. Now
turn the crank until the first digit of the dividend is smaller

in value than the corresponding digit of the divisor imme-

diately below it
;
move the plate further to the left and repeat

as before. The quotient will appear in the turning mechanism
in red figures.
The extraction of square roots may be made to depend on

division by a process of approximation. Suppose, for example,
we desire to evaluate x = \/a, then we derive an approximate
value #! by means of the slide-rule or otherwise. A correction

| x is then to be introduced to satisfy the equation

(*i + i)
2 = a.

Neglecting terms of the second order in fx ,
we obtain as an

approximation to j

a -x

and consequently, as a better approximation than

By means of the calculating machine evaluate the quotient

- and take the arithmetic mean of this and the first approxi-

mation Xi, thus providing a second approximation whose
relative error is half the square of the relative error of the
first approximation x^ This becomes clear if we note that

without neglecting anything the equation

holds for f !. Now putting ^ = f/ + f , and / =
a

i.e. equal to the value obtained above by neglecting terms
of the second order, then 2 is the error of this correction /,
and therefore also of the second approximation to the square
root. From these equations we get as an expression for this

error the value
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Writing this in the form

1

2

we see that the previous statement regarding the relative

errors of the first two approximations was justified. Stated

shortly, we may say that the second approximation is correct

to twice as many figures as the first.

By the same process from the second approximation a third

may be derived. The use of the calculating machine for this

purpose is best exemplified by means of a particular case.

Required to evaluate the square root of 227.

The slide-rule gives 15-1 as a first approximation. Dividing
227 by 15-1 on the machine, we obtain 15-03311, and the arith-

metic mean of this and 15-1 is 15-06655, the second approxi-
mation. To obtain a third approximation we now divide

227 by 15-06655, giving as dividend 15-06654, so that the

value 15-0665 is correct to the last figure, the exact value

of the root lying between 15-06655 and 15-06654.

Since the slide-rule provides the result to three figures,

a six-figure machine gives the result at the second step to

the full degree of accuracy possible with that machine. It

would require a twelve-figure machine to utilize to the full

the accuracy attainable by a third approximation.

11. THE MILLIONAIRE CALCULATING MACHINE

In concluding our description of the Burkhardt machine, a

few words may be said on an improvement upon it. The
machine bears the name of the MILLIONAIRE, and is put on
the market by Hans W. Egli (Zurich).
To the right of the setting arrangement there is a crank

by turning which the multiplication is effected. In this

machine, however, the crank need be turned only once for

each pair of factors. Therein lies the advantage of this

particular construction. Instead of rotating the crank the

number of times indicated by each digit of the factor, a
lever at the extreme left of the setting mechanism is swung
round to register the digit, and then the crank is given one

turn. Immediately below the indicator holes of the setting

apparatus, the corresponding holes of the turning mechanism
are situated (in which, however, there appears not the total

number of revolutions of the crank as heretofore, but the.
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numbers giving the successive positions assumed by the

lever). Below these again there are the indicator holes of

the counting mechanism, the latter two sets of holes being
simultaneously capable of translation horizontally. A further

advantage of this machine is that both the counting and

turning apparatus moves one stage automatically after each

turn of the crank, so that by using the left hand for the lever

the right hand may be continuously applied to the working
of the crank. A knob situated between the lever and the

setting mechanism serves as a switch from multiplication to

division, so that the crank is always rotated in the same direc-

tion. In addition to the two settings, multiplication and
division, this knob has two other positions corresponding
to addition and subtraction. In these positions the knob
switches out the automatic motion of the counting apparatus,
so that the machine functions as a pure addition machine.



CHAPTER III

THE RATIONAL INTEGRAL FUNCTION

A RATIONAL integral function arises through the

arbitrary combination of the argument x with any
constants by the processes of repeated multiplication

and addition. This simple form of function can be represented

by an expression of the following form :

g(x) EE an . xn+ an _ 1 . x^ 1 + . . . + a t . x + a
,

where we will assume that an ,
an_ l ...<, are real numbers.

Labour may frequently be saved in calculations involving
such functions if only the coefficients an ,

an_ 1 . . . a are set

down including those which are zero and written in a
horizontal line according to powers of x. The position of

each number then corresponds to a particular power of x,

with which it must be presumed to be multiplied. To avoid

any confusion it is customary to write the power of x which

occurs, over the appropriate coefficients. This arrangement is

moreover analogous to the method of writing Arabic numerals

where the position of each digit indicates the power of ten

with which it is to be multiplied, and only the coefficients

of these powers of ten are set down one after the other

including those which are zero when such occur.

1. HORNER'S SCHEME AND ITS APPLICATION TO THE NU-
MERICAL SOLUTION OF ALGEBRAIC EQUATIONS

1. Let a rational integral function g(x) be specified by
&n > #05 given values of the coefficients so that the function

may be expressed in the form

an> an-l> an-2 ,!, o-

The quantities a are to be considered as actual numbers.

It *$ proposed to determine the value g(p) of this function g(x)

corresponding to the value p of x.

Instead of evaluating pn
, pn ~ l

, etc., multiplying theseJby
44
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the appropriate coefficients, and then adding, we may arrive

at the result more easily by the following method :

We multiply an by p and add an . p to an_ 1? writing the term

an .p under an_ r Calling an_/ the sum anp +#n _ l5
it is

written under an _ l
and a^. Now multiplying this number

an_i by p, we add it to an_ 2 by the same process and obtain

an _ 2 ', so that

<*n-l'P +n-2 =aw_ 2 '.

Following this plan we easily evaluate successively

an-zP + an-3 = >n-3

a z'p + i
= a/

and finally

0,1 p + a = a '.

Thus we can construct the following table directly :

an an-1 an_ 2 . . . a 2 a^ a Q

an-lP ' '

It is easily verified that the final quantity a
'

derived by this

process gives the value g(p) of the function corresponding to

x = p. For this purpose it is only necessary to express the

quantities an_^, an_ 2

'

5
. . . a

' which have been introduced,
in terms of the original coefficients an ,

. . . a and of p. Thus
we have successively :

+ P>

a 2 =a z +a 3 .p + a* . p + . . . + n_i .P
n~+

a/ = ^ + a 2 . p + . . . + an_^ . pn ~ z + an . p"-

o
' = a + ! . p + . . . + an_! ^P"-

1 + OB p
n

The advantage of this arrangement for the calculation

termed Homer's scheme lies in the first place in this, that

the same operation is continuously repeated, that is, the

multiplication of the number a always with the same number

p, a series of steps admirably adapted for the use of a slide-

rule or a multiplying machine
;
in the second place this process

admits of an easy check on the accuracy of the result a '.
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2. The process just described admits of easy extension.

It may be applied in such a manner that apart from the

value g(p) of the rational integral function at x = p, an

expansion may be derived for the function in powers of x p ;

that is to say, g(x) may be expressed in the form :

o
' + A,(x

-
p) + A 2 . (x

-
p)* + . . . + An(x

-
p).

The formation of this type of expansion may likewise be

regarded as equivalent to the substitution of a new variable

u = x p in the rational integral function, so that the
latter transforms into :

a f + A! . u + A 2 . u 2 + . . . -f An . un .

The problem then is the determination of the new coeffi-

cients A.

In order properly to appreciate the steps, it is proposed to

carry it through completely for a function of the fourth degree.
Let

g(x) = a 4z
4 + a zx* -f a zx 2

-f a^x + a
;

it is required to throw this into the form :

a
' + A,(x - p) + A t(a?

-
p)

2 + A3(x
-

p)* + A 4(z
-

p)*.

Commencing exactly as before, we find the value g(p) = a '

and then proceed further according to the following plan :

x'
v_x

a 4 a z a z a 1 a Q

p.a 3
'

p.a z

'

I

II

III

IV
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one a
f

is equal to g(p). This row of figures is now treated

in exactly the same way as the original coefficients a 4 ,
. . . a

,

except that a
'

is no longer included. Thus under the line

II II we have a new row of numbers, the one on the extreme
left being again a 4 while the others we call 3", . . . a/'.

The last number a/' of this row is the coefficient A 1 in the

required expansion. Once more this one is set apart and
the others a 4 ,

a 3", a 2

"
are treated as before. Under the

line III III appear the numbers a 4 ,
a 3

'" and a 2

'" and again
the last number a z

" f

is the required coefficient A 2 . In the

general case this is the process that is followed until finally
under one line (in the example it is that indicated by IV IV)

only one coefficient and a number remains (in the illustra-

tion 4 and a 3""). There are then the last two coefficients

in the required expansion.
This process may be applied with advantage to a complete

equation of the third degree :

g(x) = a 3x
3 + a tx

2 + a& + a =

in order to transform it into the shorter and more manage-
able form :

b 3u3 + bju + b = 0.

For this purpose it is only necessary to expand the function

g(x) at the point x =
,
that is to say, we have to

o CL$

introduce a new variable :

so that in the previous notation p = - -
.

O Q-3

3. The foregoing method of evaluation and expansion of

a rational integral function may be utilized to provide a

method of approximation to the roots of equations of any degree.

Given the equation

g(x)
= an . xn + an-1 . xn

~ l + . . . -f a l . x + a Q
= 0,

with real coefficients, it is required to find the real roots.

Let P! be a very rough approximation to a root, and expand
y(z) at the point x = p lt The first step thus provides a ' =
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g(pi), and therefore immediately provides an idea of the degree
of approximation given by taking p 1 as the root. The next

step is to neglect all terms higher than A^o; PJ) in the

expansion, so that u = x p ;
a first correction to the

approximation p may be calculated from the equation

A! . u + <V = 0.

Writing x Pi -\- u = p z ,
then p 2 is a closer approximation

to the root than p lf Should the accuracy of this second

approximation be insufficient, then the process may be

repeated de novo, from this new value as a starting-point,
until the final correction obtained is negligible in comparison
with the degree of accuracy required. If the coefficients of

the rational integral function whose roots are required are

numbers having more significant digits than three, and if the

roots are required to the same degree of accuracy, then the

foregoing process may not be carried through with the ordinary
slide-rule, but other and more accurate instruments of calcu-

lation, such as the arithmometer, must be utilized. These

may, however, be dispensed with if Homer's process is applied
in the following manner.

If Pi is a rough approximation to the root, the first step is

to determine all the coefficients, not merely a ', in the expansion
of the function at x = p^ that is A 1? A 2 ,

. . . An are determined
in the expansion in powers of u = x PI. This expresses
the rational integral function in the form

where the value u = 0, i.e. x = p l is now to be regarded as

a first approximation to the root. The correction

Ui= '

f,
will now be relatively small and may sufficiently accurately
be expressed in terms of one digit only different from zero.

The value of the function at the point u may therefore be

calculated mentally. For the next step the expansion in

powers of v = u u 1 is developed, providing an expression
of the form

where a "
is the value of the function at the point v = 0,

i.e. u = u lm
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The new correction

a "

will again be a small quantity and the foregoing process is

repeated until the required accuracy is attained. Although
this second method appears more indirect than the previous

one, it usually possesses the outstanding merit that nothing
more involved than very simple multiplications arise in carrying
it through. The final value of the root is, of course,

By taking into consideration terms of higher order the cal-

culation may be considerably shortened.

When the expansion has been developed in powers of

u Ui = v, thus :

then we know that the value v of the root of this equation is

a small quantity. Hence in general the terms of higher order

have a relatively small value compared with the linear term

Taking v t ^ as an approximate value of the root,

then v lt itself a small quantity, differs little from the true root.

The influence of the terms of higher order may be estimated

and used in the calculation of the root, by inserting v l in the

sum :

A closer approximation v t is then obtained by writing

a " + B,V +

The method of calculation is best exemplified by an illustration

Required the positive root of the equation ;

- 18 =0
correct to six decimal places.

Taking + 1 as a first approximation, develop the expan
sion in powers of x 1 as follows ;

4
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1
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The calculation may here be terminated, since a rough esti-

mate for v (taking linear terms only) gives :

Obviously the coefficient of v3 is smaller than 1000, so that

the terms of the third and higher powers can have no influence

on the sixth decimal place. Calculating the value of v more

exactly from the linear term, we have

*

It now becomes clear that even the quadratic term

28-49V
has no influence on the sixth decimal of the root, for, assuming
the foregoing value for vlt we get roughly

28 x 1-6 X 10-7 = 4-5 x 10~6 .

This is approximately the magnitude of the quadratic term
in v as compared with that of the linear term 0-01449. Since v

is derived from the above by division by 36-86, the influence

of the correction is approximately

4-5 x 10-

iMinoi
== 1>2 x 10

i.e. it is smaller than one unit in the seventh place of decimals.

The value v^ = 3-931 (which can be estimated to four deci-

mal places) gives the root of the last equation to the requisite

degree of accuracy. As a first approximation for x we selected

1, for u the approximation 0-1, and now v is found to be
-3-931 x 10~ 4

. From the relations between these quantities,
viz.

x I = u, u -f 0-1 = v,

we find, for the value of the root x,

x = 1 - 0-1 - 0-0003931 = 0-.899607

correct to six decimal places.
4. Evaluation of a rational integral functionfor complex values

of the argument. A process analogous to Horner's method

may be applied to the determination of the value of a rational

integral function for complex values of the argument, and then
used to obtain the complex roots of the function when equated
to zero.
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Let the given function be :

g(x) ~anx
n + a^x"-

1 + . . . + a^n + a .

It is required to determine the value of </() where = u + iv.

Construct the integral function of the second degree :

p(x) ={x (u + iv)} {x (u iv)}
= x 2 2ux + (u

2 + v 2
),

whose zeros are clearly and its conjugate. Now divide

g(x) by p(x) until the remainder is zero or a function of the

first degree. If r(x) is this remainder and q(x) the quotient
a rational function of the (n 2)th degree, then it follows that

or g(x) = p(x)q(x) + r(x).

Since p() is zero, this equation implies that

rtfl = (

Since r(f )
is of the first degree in | its value and therefore also

that of gr() is easily derived. If the remainder is zero then of

course | is a zero of the function. In effecting the division

multiplications are carried through with the coefficients 2u

and u 2
-f v 2 of p(x). This will be considerably facilitated

if use is made of two slide-rules for this purpose, each set for one

of these coefficients.

Advantage may be taken of the quotient q(x) to furnish

a simple check on the calculation and on the remainder r(x).

The equation

g(x) = p(x) . q(x) + r(x)

must also hold for x = i (and of course x i). But for these

values of x the value of the function may be immediately set

down, thus offering a check on r(x).

For example, consider the function

g(x) = x* - 5x* + 15z 2 - 5x 26,

its value being required for | = 2-2 -f 2 -Si. Accordingly
we construct

p(x) =x 2 4-4# + 12-68.

Carrying through the division, writing only the coefficients

in the various terms and omitting obvious coefficients :
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9 q

1-5 +15 -5-26
- 4-4 + 12-68

1 _ 0-6 - 0-32

- 0-6 + 2-32

+ 2-64 - 7-60

- 0-32 + 2-60

+ 1-41 - 4-05

+ M9f - 21-95 = r(f)

=</()

Inserting = 2-2 + 2-8*', we find

g(f) = 2-62 + 3-33i - 21-95 = - 19-33 + 3-33*.

The two slide-rules used in this division should be set so that,
in the one, 1 is set opposite 4-4 and in the other 1 is set opposite
12-68.

Checking with x = i gives

g(i)
= - 20

; p(i) = 9-28
; q(i)

= 0-08
; r(i)

= -
20-76,

and we ought to have :

- 20 = 9-28 x 0-08 - 20-76.

This statement is untrue to the extent of 2 in the second
decimal after the point. This is clearly due to the inexactness

of q(i)
= 0-08 in the last calculation

;
hence the check in this

case would better be applied by evaluating the functions for

x = t, when the values agree to the second decimal.

To determine a root of g(x), we commence with an approxi-
mate value, say, in the present instance

1 = 2-2+ 2-8,

so that

g(() = - 19-33 + 3-33.

If g'(x) is the derivative of g(x), then a correction to the
first approximation is obtained by writing

so that the second approximation is f + A.

Now g'(x)
= 4z3 - 15x* + 30z - 5.
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Evaluating g'() in the same manner as before, we may make
use of p(x) again. Thus :

1 - 4-4 12-68 4 - 15 4-30 - 5
- 17-6 4-50-6

4 +2-6

4- 2-6- 20-6

11-4 4- 32-9

- 9-2| - 37-9 = g'(f)

... g'(f)
= - 58-1 - 25-8*.

Hence

and the second approximation is 1-94 -f- 2-97*. As an exercise

the reader is advised to carry the calculation one stage further.

Ans. 2-00 + 3-00.

When the root has been determined with sufficient accuracy,
then of course for that value r = 0. The quotient q, a function

of the (n 2)th degree, will now have as its roots the remaining
roots of the original function.

*
Example (1). Evaluate by Horner's method the function

y == x4
4- z3 3x2

4- 5x 4 for x = 3, 2, 1, 0, 1, 2, 3.

Hence determine the two real roots of the equation y = correct

to four decimal places.

^Example (2). Evaluate y = x* + 1-1 z3 + 2-2z2 + 0-9z + 1

for x = 0-3 + 0-8.i

Determine the roots of the equation y = 0.

^Example (3). Solve the equation 5z3 + 2z 2 3x + 1 = 0,

giving the roots correct to three decimal places.

2. GRAPHICAL METHODS

Horner's scheme as explained above may also be applied to

rational integral functions by a process of graphical construc-

tion.

1. To obtain a general survey over the variation of such a

function it is best to represent it as a curve in rectangular
co-ordinates.

The curve can be developed point by point in the following
manner :

Consider, for example, the function

4- d^x -\- a Q .
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Taking a unit of length la mm., step off the coefficients ox

successively, beginning with a from the origin along the

t/-axis. The terminal point of the interval corresponding
to each coefficient coin-

cides with the initial

point for the next co-

efficient. If all the

values of a are greater
than zero, as has been

assumed in the illustra-

tion, the diagram shown
in Fig. 12 will be ob-

tained. If the signs of

the coefficients are not

all positive, they will

effect merely a difference

in direction of measure-
ment along the t/-axis.

If the coefficient is posi- FIG. 12.

tive, the final point of

any stretch will lie above the initial point and vice versa.

Thus for a >0, a!>0, a 2<0, o 3 >0, for example, Fig. 13

will represent the state of affairs.

The following construction is of quite general application,

although for purposes of illustration it has
been carried through in Fig. 12 for one of the

simplest cases.

Let the unit length OE on the #-axis be lx

mm. (see p. 11 for the choice of la and lx).

Through the end-point E draw a parallel to the

t/-axis, and this we will term the
"
unit line."

To find the ordinate y^ of the point of the curve

for which x = xlt

draw the vertical line_ ^ x = a?!, and let its

FIG . 13. intersection with
the a:-axis be Xi.

Through A 4 ,
the terminal point of the distance 3 ,

draw a

parallel to the z-axis, meeting the
"
unit line

"
in A/. Join-

ing A 4
'
to A 3j which separates o a and o s ,

we derive the

straight line A 4'A 3, which makes an angle y 3 with the g-axis

such that
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tan <p z
=

dyf-
lx

Now through A 3 draw a parallel to the #-axis and let it meet
x = #! in C 8 ,

then

C3B 3
= A 3C 3 tan y z

= x^ . a 3 . la mm.

In the same way drawing through A 2 a horizontal line to C 2

then

C 2C 3
= a a . la mm.

and
= a + Os l mm -

Through B 3 draw a horizontal line meeting the
"
unit line

"

in B 3', and join A 2 and B 3 '. The inclination 9?2 of the line

A 2B 3
'

is then such that

tan
<p 2

== (a a + xl . a s) .

f-.
lx

If B 2 is the intersection of this line with x xlt then

C 2B a
= A 2C 2 tan <p 8

== (a z . xl
-

Moreover,
"

. L mm.

Drawing the horizontal line B 2B 2
' and joining B 2

7

to A x ,
we

get for 9?!

tan 9?!
=

(oj + o^ +

Now the length BxCi becomes

(<*& + a*i 2 + o^j") . la mm.,
so that finally

. l mm.

Thus X XB! represents the value of y^ when la is taken as

unit length, and B x is a point on the required curve. In the
actual construction for any value whatever of x = x^ it is

quite unnecessary actually to draw any of the foregoing lines

with the pencil, with the exception of the
"
unit line

" and
x = x^ itself. The point A/ is determined by running the

T-square up to A 4,
the former being indicated by the prick

of a needle in the paper ;
B 3 is then fixed by joining up A 4

'
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and A 8 with a straight-edge, and at once B s

'

is formed by sliding

down the T-square, and so on. Thus, by a series of needle

pricks without actually drawing any lines, the points A/,
B 3 ,

B 3', B 2 ,
B 2 ', B!, are successively fixed, and B! is then the

required point. If the drawing is carried out on millimetre

paper, even the T-square may be dispensed with.

The reader ought to construct curves corresponding to

cases where the coefficients have different signs, and also where

one or more of the coefficients vanish. In the latter event

the corresponding distances that ought to be stepped off

on the y-axis are zero, that is to say, the initial and final

points coincide. The rule for

the construction as given above
is still applicable.

2. There is another graphical

process which is particularly suit-

able for application to the deter-

mination of the roots of an equa-
tion, g(x) =E= anx

n
-f an_ l

xn
~ l +

... -j- a^x -f a Q
= 0. The values

of the function are derived so

rapidly that the roots are easily
found by trial and error.

The coefficients an ,
an_ lt . . .

a of the rational integral func-

tion are represented once more

by lengths, expressed in terms of a suitable unit la mm.
These distances are set off successively, so that the initial

point of the line corresponding to any one coefficient coin-

cides with the terminal point of that corresponding to the

previous coefficient : each line, moreover, makes an angle
with its predecessor of 90 measured in the direction of rota-

tion of the hands of a clock.

Fig. 14 illustrates this procedure for a function of the fourth

degree, where for the sake of simplicity all the coefficients

are taken to be positive. AjAa, A^g, etc., represent respec-

tively the coefficients a 4 ,
a 3 ,

etc. By this means a broken
line AiAaAjjA^Aa is derived. The values of x are represented
by taking a point E on A^a at a distance lx the unit of

length z-wise and erecting a perpendicular, and measuring
on this line the values of x for which the function is to be
evaluated. When x is positive measurement is made from
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E upwards and vice versa. For x = x^ we obtain a point
Xi such that

\ = Xj. . lx mm.
Join X! to A! ; then, angle X^E = g^ is such that

tan 9?!
= #!.

Let A^Xj cut A 2A 3 in a point B 1? then

A 2Bi = A XA 2 . tan
(p l

Further,

BiA3
=

(a 4*! + s) h mm -

Drawing a perpendicular at Bj to AJE^, we determine B 2 ,

its point of intersection with A3A 4 ;
then angle BaBjAg + (p l

and the distance

A 3B 2
= (0,0!* + a 8#i) . la mm -

Hence

A 4B 2
= (a&S 4- a&t + a z) . la mm.

Now B 2B 3 x BiBg, and B 4B 3 j. B 2B 3 ,
and it is easy to

show that the distance

B 4A6
= (ajcS + 0^8 -f . . . + a ) . la mm.,

that is to say, this distance represents the value of the function

for x = xl9 measured in terms of the unit of length la .

To determine a root of the equation g(x) = 0, the value of

#! and consequently the position of E on the line AjAa, has so

to be altered that the terminal point B 4 of the sequence
A 1B 1B 2B 3B 4 coincides with A 6 . This would then give

B 4A = 0, i.e. g(x) = 0.

For this purpose the use of transparent millimetre paper is

of great advantage. This is fixed at the point A x by means
of a needle, so that the paper may be rotated about this point.
This is then done until one of its lines passes through A x and
X 1} and then the polygon A 1B 1B 2B 3B 4 may be traced without

drawing a single line. The paper is now turned until a position
is found for which B 4 falls on A6 . The corresponding point
x is then marked by a prick. It is advisable to turn the paper

by a very small angle at a time, noting the change in the

position of B 4 since conclusions regarding the reality of the
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o
FIG. 15.

roots may be drawn from it. When the coefficients ax have
different signs, then the following rule is to be observed :

Draw a rectangle associating each side with an arrow

marking the direction as in Fig. 15. Begin-

ning with the coefficient an of the highest

power, we let it correspond to the upper hori-

zontal side of the rectangle, the coefficient

an-i * the neighbouring side, and so on,

passing round the rectangle in direction taken

by the hands of a watch. (If n > 3 the

rectangle will be described more than once.)
With this arrangement of the coefficients and
of the sides of the rectangle, the latter indicates the direc-

tion, and the arrow the positive sense in that direction for

setting off the coefficients. Negative values are set off in the

direction opposite to the

arrow. If a coefficient is zero,

then the lines corresponding
to the previous and to the

following coefficient lie in

one line. For the construc-

tion of the polygonA^j . . .

B 4 , nevertheless, the line on
which the coefficient would
lie if it were different from
zero is required. (The case

of zero coefficient may be
treated as the limiting case

of a vanishingly small co-

efficient.) Fig. 16 represents
FIG. 16. the solution for the case of

the equation

- 3x - 1-9 = 0.

By following the sequence of lines giving the polygon A^
a root x l of the given equation is found to have the value

#! = tan 9?!
= 0-67.

Instead of determining the remaining two roots by the same

means, it is better to consider the question as follows : If

x l is a root of an equation of the third degree, then by dividing
the equation by x xl we derive a quadratic equation satisfied
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by the remaining two roots. Effecting this division gives

a zx
z + (a&i + a*)x + (o^i

2 + a^ + a^ = 0.

Now from our construction we have that

= (a sx + a z) . la mm.
-f- a x) . Z mm.

On the other hand the lengths AJ$ lt BjBa, and BaA 5 of the sides

of the polygon which provided the first root are proportional
to the foregoing lengths and therefore also to the coefficients

of the equation of the second degree. Thus the sides of the

polygon AJ$J$*A9 may immediately serve for representing the

equation of the second degree:

a z'x
2 + a 'x + a

' = 0,

which provides the remaining roots.

Generally we have the following rule : When a root xt

of an equation of the nih degree has been found, then the

polygon used in its determination represents diagrammati-

cally the equation of the n 1th degree for the remaining
n 1 roots, and may be regarded as corresponding to the

initial step in the further construction. The value of the root

is thus equal to the tangent of the angle of inclination between
the line representing the coefficient of the highest power of

the corresponding equation and the first side of the polygon.
Thus in our example AJBJBjAg represents the equation of

the second degree still to be solved. This can be effected by

drawing a semicircle on A^A 8 as diameter. Its points of inter-

section Ui and U 2 with BJB 2 are each joined to A! and A 5 .

The two polygons AjUiA, and A1U2A 5 will now furnish us

with the remaining roots xt and #a . <p a
and cp z are the angles

(both <^ 0) between the line representing the coefficient a/,
that is A^B!, and the first side of the polygon, viz. A&! and

AJJa respectively : accordingly

# a
= tan 9? 2

= 040
;

x. = tan yz
= 1-77

are the values of the roots. Had the semicircle on A tAt

not intersected the line BxBa, this would have been an indication

that the roots are not real.

This graphical method may also be applied when the

accuracy of the roots is to be greater than one per cent. In

that case the values are to be regarded as approximations
which may be improved by calculation.



CHAPTER IV

EXTRAPOLATION AND INTERPOLATION OF A
RATIONAL INTEGRAL FUNCTION

IT

will be presumed that a rational integral function of

one variable is determined not by the coefficients a
,

. . .

an, using the notation of the previous chapter, but by
the n + 1 values of the function y 0) y^ . . . yn at the positions
x

, #!,... xn . The problem is to find the value of this function

of the nth degree at any arbitrary position x.

1. EXTRAPOLATION

The simplest case to treat in the first instance is that

corresponding to n -j- 1 equidistant values x
,
xl9 . . . xn of

the argument, the problem being to determine the values of

the function at a series of equidistant points outside the

range x
,
xlt . . . xn (extrapolation).

The following considerations will be of assistance in this

connexion ;

If g(x) is a rational integral function of x, determined by the

n + 1 pairs of values (# 2/o), (#i2/i)> (#2/n)>
an^ ^ ^x *s

the constant interval between any two values of x, then

g(x + Az) - g(x)

is also a rational integral function, but of one degree less than
that of g(x), as can easily be verified. This function will be

represented by A(1)

</(z). Constructing from this, a new
rational integral function by the process

A(2
ty(z)

= &g(x + As) - A (1

V(a),
then A(2)

gf(x) is again one degree lower than &(1)

g(x). Now
if g(x) be assumed to be of the nth degree, then by continuing
this operation successively through the stages A(3)

gr(a;), A(4)

<jr(a;),

. . . the last function of the series, viz.

A<>sr(z)
= U-g(x + As) - tt-g(x)

will be a mere constant.

61
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Returning to the original problem, it will be assumed, for

purposes of illustration only, that g(x) is a function of x of

the fourth degree and that its values are given at five equi-
distant values of x. If Ax is the constant interval between
successive values of x

t
then the following relations are in effect

given :

2/0
= gx , 2/1

= gzQ z, ... 2/4
= g%

By means of these the first differences may be constructed.

In succession we get

0(*o + Ax) - g(x Q)

As) = g(x + 2Az) - g(x

and from these values of A(1)

0(x), etc., the values of A(2)
</(#),

etc., may be derived. A(4)

</(#) will be a constant since we have

supposed g(x) to be a function of the fourth degree. In practice
these values are best obtained by adopting the following
scheme :

A*)

g(x

g(x

g(x
Aa?) =Const

g(x

The column headed g(x) contains the given values of the
function. The next set of figures placed intermediately
between each pair in the first column is derived by subtracting
the first of the pair from the second. The third column is

obtained by applying the same process to the second column.
With a function of the fourth degree, the fifth column will

contain a constant A4
</(a;) for any five successive values of

g(x) in the first column. This fact may be used at once to

extend the table to any extent by working from the right
of the table to the left. The quantities in the column A(3)

<7(#)

increase at each step by the constant difference &wg(x).
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Thus this column may be enlarged to any extent both above
and below by adding or subtracting this constant as the case

may be. Thus we derive :

. . . &g(x -
Ax),

By means of these values the quantities A(2)

</(#) in the neigh-

bouring column are at once obtained, and so on, until finally
the actual values of the function g(x) itself. This process
enables the value of g(x) to be found at any number of points
distance Az apart. Since nothing but additions and subtrac-

tions are involved, the method is carried through with particular
ease on a calculating machine.
In particular, suppose it is desired to construct a table of

the cubes of whole numbers. We have to evaluate a function

of the third degree y = x3 for values of x given by x = 0, 1,

2, ... Commencing with the four values # = 1, y = 1
;

a; = 0, y = ;
a; = 1, y = 1

;
a = 2, y = 8, the following

table of differences may be constructed and extended arbi-

trarily to any extent :

X
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1. The simplest case is the so-called linear interpolation.
The rational integral function is assumed to be of the first

degree and determined by two pairs of values (x y ) and

(#i2/i). To estimate the value of the function in the interval

Aa; = Xi XQ it usually suffices to divide this interval into

10 (or sometimes 100) parts, and to calculate the value of the

function at the end of each small interval X Q + a . -^
where a = 1, 2, ... 9. If A?/ is the difference y1 y ,

then
the value of y at the end of the ath interval is

A*/
</()

=
2/0 + a .

j-j*.

Instead of calculating y directly from this formula, however,
it is usually more convenient in practice to determine y(l) ,

etc., in succession, each value of y being derived from the

preceding by the addition of -. The last of the set y(10)
=

2/(9) + -y^
must of course give the value y . This provides

a check on the correctness of the calculation. Apart from
this the actual calculation is very convenient, since additions

only are involved.

2. An obvious extension of the foregoing method leads at

once to the so-called quadratic interpolation. Let the three

values, 2/ , yl9 and y* of a function of the second degree be

given, corresponding to the positions x0t x^ = x + A#, # 2
=

XQ + 2A# of the argument. It can easily be shown that the

form of the quadratic expression which assumes these values

is

. (x
- X Q)(X I

-
x).y =2/0

-

The values of A(1)
2/o and A(2)

i/o is derived from the following
table of differences :

2/2

A (2)
2/o
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This expresses the rational integral function in a form very
different from that previously adopted.
From this equation y is immediately calculable in any par-

ticular case. In many cases, however, it will be found useful

to estimate that quantity at the positions specified by

x = x + a . (a = 1, 2, 9).

The first two terms in the expression for y would then provide
the same values as was obtained in the linear interpolation
between x and a^. The third term may be regarded as a
correction of magnitude

_ A< 2)
y (x

-
a?,)(a?1

-
x)

2 Az 2

to be added to that derived from linear interpolation.

The ten values of
(x
- x x

at the points x = XQ -f-

a are given in the following table :
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linear equations to determine the coefficients A
,
A 1} . . .

A
rt uniquely. This implies of course that the following

determinant formed from the given values of x, viz. X Q) x l}

. . . xn is different from zero :

1 X X 2 X n

1 /y /y 2 fy f

1, iCj, */! ,
. . . ^i

1 />. /v- 2 n
*i ^n? S* > ^n

When the degree of the rational integral function is greater
than 2, however, the determination of the coefficients A

,

A 1? . . . An by a solution of the system of linear equations
is very laborious

; moreover, in point of fact it is not the

values of the coefficients that are of interest, but rather the

values assumed by the function itself. In view of these

considerations it is advisable to throw the function initially
into another form. Thus, writing

+ a(x - x
) (x xj. . . (x

- xn_J,

the expression on the right is also a rational integral function

of the nth degree and its n coefficients a
,
a i9 . . . an are linearly

dependent on the previous coefficients A^. In the construction

of this particular form of representing a rational integral
function as a sum of polynomials there exists a considerable

degree of latitude. The quantities x
,
xlt . . . xn may, for

example, be used in any arbitrary order in the linear factors

composing each polynomial, for there is no special a priori
reason for selecting one sequence more than another. All

such sequences must lead to the same rational integral function.

The coefficients a
it however, will assume different values in

each case since they will depend in different manners on the

quantities x
,
xlt . . . xn .

The coefficients a^ will be derived for any particular set of

such polynomials on the given values assumed by the func-

tion, viz. :

2/0
= gM, 2/1

=
g(*i), 2/

= vM-
Their determination can be effected in a very elegant manner

by means of a proposition in the calculus of finite differences

which may be stated as follows :

If /(#) is an analytical function of x, and if Ax is an interval



EXTRAPOLATION AND INTERPOLATION 67

of the variable x, then the difference coefficient at the point
xr is defined as

Az

This expression will be written "V . Let f(x) be a rational
Q

integral function of degree m whose roots are all real and

given by x^ x 2) . . . xm . Moreover, let every consecutive

pair of roots be the same distance Ax apart. It is required
to determine the difference coefficient of f(x). For this purpose
let f(x) be written in the form

f(x) == C(x - x,) (x -x z). . .(x- xj,
where x lt x 2 ,

. . . are so arranged that

To construct the difference coefficient it is necessary to deter-

mine f(x + Ax). Now

f(x + Ax) = C(x + Ax - xj (x + Ax- a;,) . . .(x+Ax-xJ.
Hence, inserting the relations

#1 = x + Ax
x 2
= Xi + A#, etc.

we find

f(x + Ax) . C(* - XQ)(X
-

Xl). . .(x- xm_J.
From this it follows that

f(x + Ax) -/(x) - C(a?
-

x,)(x -x,). . . (xm
- x ).

But

therefore the difference coefficient is

It appears then that the difference coefficient is obtained by
omitting the factor containing the largest root xm ,

and inserting
m as a factor in front of the polynomial.

This theorem may now be utilized in the determination
of the coefficients a Q ,

a 1} . . . an in a rational integral function
when expressed in the form

g(x)=a Q +a l(xx )+. . . + an(xxQ)(xxl). . . (x-xn_j.
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The function g(x) is composed of a series of integral functions

arranged in ascending degrees. Deriving the difference

coefficient by applying the foregoing theorem to each of the

constituent functions, we find :

+ nan (x
- x )(x xj. . . (x

- zn_ a),

a rational integral function which assumes the value a l for

x = x . Constructing again the first difference coefficient of

this expression, that is to say, the second difference coefficient of

the original function, it follows that

Ao;2

+ (n 1) . n . an . (x x )(x Xj) . . . (x #n_ 3).

In the derivation of these difference coefficients we may clearly

proceed as far as the nth, giving for the two last of the set, in

the present notation :

= (n
-

1) ! an _ 1 + n ! an(x XQ),Ax71- 1

Inserting x = XQ in these equations, the following system is

obtained :

Hence quite generally each of the coefficients a
{ may be

found in terms of a difference coefficient in which x is substi-

tuted for x. If now the values of the function g(x) are given
at the n + 1 points specified by x

,
x + A#, x + 2&x, . . .

x + n&x, then the difference coefficients may be derived

from the following table :
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Art*)

x 4- Az

XQ 4"

Xfi 4-

<7(a; + Aa;)

&g(x 4- Ao;)

4-

*o 4-

This table is constructed in the manner explained already once

before (see p. 63). The given values of the function are placed

consecutively in a vertical column, and to the right in a

neighbouring column the difference between each successive

pair of numbers is inserted. The numbers appearing at the

head of each column under the title

g(x), &g(x], AW*) . . .

are the value of these latter functions for an argument x
,

that is to say, they are the required difference coefficients.

The numbers appearing below each of these are the values

of these functions for arguments x + Aa;, etc.

If a line be drawn through the numbers standing first in

each column, i.e. through g(x ), A0(a; ), A(2)
<7(# ), then a parallel

line through any other number g(x Q -f aAx) in the column

g(x) will pass through the successive difference coefficients

of the function corresponding to the same value X Q + aAa;

of the argument. (The values of the function, in fact, do not

appear in the same horizontal line in the table as is usually
the case in tabular representation, but lie on a line falling off

to the right.)

With the construction of the table of difference our main

problem is solved
; for, to determine any particular coefficient

a
it

it is merely necessary to divide the number appearing
first in each column by the appropriate power of A# and by
the corresponding factorial. The coefficient a is equal to

g(x ) and the rational integral function is at once expressible
in the form specified on p. 67.
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The work of calculation consists merely in building up the

table of differences. To avoid the possibility of error, it is

advisable to add up the numbers occurring in each column,
and the sum thus obtained must in each case be equal to the

difference between the first and last numbers of the previous
column.

In connexion with a later application of this mode of

representing a rational integral function, another form of

arranging the sequence of the constituent polynomials is of

importance ;
this we propose to describe.

It will be presumed once more that the rational integral
function is determined by the given n -f 1 values it adopts at

equidistant values of the independent variable x. It will

suit our purpose best if these are designated by

#_4> #-35 #-2> #-15 #05 #1> #2? #3j #45

where

. . . #_4<#_ 3 < . . . # 3 <# 4 . . .

The rational integral function which is uniquely determined

by these values we will represent in the following manner :

g(x) = a -f i(#
-

#o) + (# #o)(#
- x_J

+ a s(x
- x )(x

-
#_!)(# &0 + . . .

The zeros of the polynomial are thus taken in the following
order :

#0> #-!> #15 #-2' #25

How are the coefficients now to be derived from the table of

differences ?

In the first place we have, as before,

g(x )
= a .

Moreover a^ is also derived from the difference coefficient,

for this is given by

p = a, + 2 . a 2(x
- x_ t ) + 3 . a s(x

- x ) . (x
- x.J

+ 4 . a4 . (x
- x ) . (x x__^ . (x

- x_ z ) + . . .

(It must not be forgotten that in constructing the difference

coefficient it is always the largest root of the polynomial which
is omitted.) To derive a^ from this expression, the difference

coefficient at the point x = x_t must be derived. Arranging the

values of the function in the manner previously adopted, and
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constructing the table of differences as under, it will be seen

that &! will be derived from the value corresponding to the

heavy type in the column

A(3)
</(*_ 4 )

Continuing the determination of the difference coefficients,
we derive at the next step

+ 3.4. a,i(x x_J . (x x_ 2) + . . .

Hence we obtain a 2 by evaluating A (2)

gr(x) at the point x
This is represented by heavy type in the column
The next step gives

2 . 3 . a, + 2 . 3 . 4 . a t . (x
- x_ 2 )

Thus A(3)
0(z) is to be evaluated at the point x = x_.

On continuing this process further it will be seen that in

order to derive the coefficients for the selected method of

representing the polynomials it is necessary to take the
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numbers corresponding to the heavy-type letters in the

successive columns and these lie on a continuation of the zig-

zag line already begun.
For any representation of a rational integral function as

a series of such polynomials, the following simple rule may be
followed :

Beginning with any value whatsoever of the function

g(x^), the coefficient a Q is at once derived. The next poly-
nomial is then a^(x x^. Now let any arbitrary straight
line or zig-zag line commencing from g(x^) be drawn on the

table of differences, such that as it passes from column to

column to the right it passes up or down one step. The

particular step up or down at each stage determines the

particular polynomial that follows after the first one a^x x^).

If the line proceeds downwards from g(xi) )
that is to A (1)

^(a;i),

then in the second polynomial a linear factor enters which
includes the next highest value of x, viz. xi+li so that the

second polynomial would become a 2(x x^)(x x^
1
).

This applies likewise to the succeeding polynomials, so that

the rule may be formulated as follows :

The mth polynomial, which contains m linear factors, has the

coefficient am . This is determined by a difference &(m)
g(x) in

the mth column. Whether in the construction of the mth poly-
nomial the next higher or next lower value has to be selected from
the sequence x. will depend on whether in passing from the

m 2th to the m Ith column the passage was downwards
or upwards. This principle, although to outward appearances
it may appear difficult to apply, in actual practice is exceedingly

simple and convenient.

4. It is proposed to develop two special expansions which
have many applications in practice. We will assume that the

table of differences on page 71 is given, but for convenience

y ^^ *Y

in writing the new variable u = -r will be introduced,
L\X

so that the zeros of the polynomials are simply the positive
and negative integers, including zero itself. Moreover, the

actual differences we shall for brevity write A*, where the

upper index A represents the order of the difference and the

lower index
jj,

the actual value of the argument x^ with refer-

ence to which the difference is taken. (Cf . table p. 71 .) Thus,
for example, &g(x_ 2 ) will now be represented by A3

_ 2
. In
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the first place, let us seek a form of expansion which will be

particularly suitable for evaluating the rational integral func-

tion in the region x to x lt

For this purpose two courses are open to us. We may either

write

1. g(u)
= g -pi_Jko w T*"fl

~

A4 U(U - 1)
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FORMULA I:

g(x)
= g(u) = g(x.) + A.i . u +^-^ .

!*L

M(M
-

1)(M
-

0-5)

T
4
_! + A1 -

2)

A6̂-

2

u(u

4!

2)(u
-

0-5)

(0

The following system of symbols will be required for the
difference table about to be constructed :

The symbol # represents the values of the function and of

the differences. Those enclosed by a circle, thus
,
are to be

used in the expansion, except that when two appear in one
column joined by a vertical line, the mean value of the two
numbers is to be taken.

U A 1 A 3 A 4 A6

-3

-2

-1

1

2

3

The values of the various polynomials divided by the

appropriate factorials are set out in the following table for

values of the argument determined by

U =0; 0-1; 0-2;, . . Z-Q,
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u
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formula II
;
those connected by a vertical line are to be utilized

by taking the mean values.f

9(x} A 1 A 2 A 4 A*

# #

#

The values of the polynomials are :

u
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Q . -t-i -.
du u . 2 2 3!

^ At, + A6
_ 2 (

-
1) . ( + 1) . (

- 2) . ( + 2) ^
~2~ ~6T~

or

dg 1

-2
. 0-0333

From this it appears that in the schematic table the arith-

metic means are to be taken of the differences represented by
the two circles joined by a vertical line. From the differential

coefficient ~ we getdu

dg == dg J_
dx du

'

A#

since

x x
u = . .

Ax

Integrating formula I over an interval Ax, it follows that

X, + AX

2
"

'

720
' * *

I

Integration of formula II, on the other hand, over an interval

of breadth 2Ax leads to

n. . . . g(x).dx =

ZO-AS

In the next chapter the vital importance of these formulae

will become apparent when applied to general forms of function

and above all to empirical functions.



CHAPTER V

INTERPOLATION, NUMERICAL DIFFERENTIA-
TION AND INTEGRATION OF ARBITRARY

FUNCTIONS

THE
interpolation formulae for rational integral func-

tions as developed in Chapter IV may be applied to

the arithmetical treatment of most functions met
with in practice. The fundamental idea involved in this

application is that the given function is replaced by a suitably
selected rational integral function by means of which the

calculation is effected.

A rational integral function of the rith degree is determined
so that it assumes the same values as the given function at

(n -f- 1) consecutive equidistant positions. Nothing more
is required for the solution of this problem than the con-

struction of a table of differences of the given function. For-

mulas I or II may then at once be written out and would repre-
sent the integral function with the required properties.

1. ESTIMATION OF THE ERROR

The question immediately arises, how accurately the

integral function g(x) thus derived represents the given
function, which we may write y =/(#). The error will be
measured by the absolute value of the difference f(x) g(x),

and we will presume that this will depend on the one hand on
the magnitude of the tabulated difference interval d = A#
and on the other hand on the order of differences which are

utilized, that is on the degree of the approximating integral func-

tion. Now it may be proved that this error is of magnitude j"

f(n
+ l)

() ^ $n + I

if n is the degree of the integral function and/
(w+1) its (n -f l)th

derivative, while is a number lying in the range of those

values of x for which the values of the function are given.

f For the convergence of foregoing polynomial representation of

arbitrary functions, see Runge, Theorie und Praxis der Reihen, Leipzig,
1904, p. 126.

78
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A further consideration shows | that in general the differ-

ences of the nth order are of the order of magnitudef
(n
\(x) . dn .

The estimation of the error is accordingly obtained in the

actual setting out of the table of differences. It is merely
necessary to note what is the influence of the earliest differ-

ences omitted in the calculation in order to derive a measure
of the magnitude of the error in the approximation.
The extent of the error may be minimized by diminishing the

interval d in the tabulation or by the inclusion of differences

of higher order. Whether or not the error may be reduced

without limit depends entirely on whether or not the given
functions and their derivatives are continuous in the range
for which the tables of differences are constructed. In the

latter event a semi-convergent approximation is derived

which, however, is quite suitable for calculation. Two
principal cases fall for consideration according to the manner
of definition of the function f(x) :

1. The function f(x) is defined by an analytical expression
or by some law within an interval for all values of x so that

at each point it can be calculated to any desired degree of

accuracy. In that case the choice of an interval for tabulation,
d = A#, is perfectly unrestricted, the variation in f(x) will be
evident before the actual tabulation, its differential coefficients

may be constructed and the accuracy calculated before the

interpolation. That interpolation should be applied at all

to such a case may possibly be a matter for surprise, since the

values of the function are calculable directly. Cases are not

uncommon, however, where the evaluation of the function from
the analytical expression is extremely inconvenient, where in

fact it is much better to calculate a few values only in this

manner and to interpolate for the remainder. If it is required
to integrate the function in question, then very frequently
it is not possible to express the integral in a so-called closed

form or by a series, in which case it is advisable to turn to

the integration formulae la and Ila derived from the interpola-
tion. Differentiation, however, is usually accomplished directly.

2. The function f(x) is given merely at a number of points
here presumed equidistant as for example usually occurs
when it is determined by a set of observations.

With functions specified by such means in tabulated form

t H. Bruns, Gruncttinien des wissenschaftlichen Rechens, Leipzig,
1903, p. 20.
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there is no real meaning in speaking of an error in the inter-

polation, since nothing whatsoever is known of the true

values of the function at points at which it is not tabulated.

It is customary, however, in such cases to make the assump-
tion, usually tacitly, that the function varies

"
sensibly

"

between the tabulated values on the principle
"
natura non

facit saltus." Whether this assumption is made because
our methods of measurements provide us merely with mean
values, or simply for convenience of thought, is a matter for

separate discussion. By the term "
sensible

"
variation is

understood a change in the true function capable of being

approximated to, in a sufficiently small interval, by integral

functions, or in other words, such that our interpolation
formulae are applicable. These so-called empirical functions

are treated by deriving from their tabulated values their

successive differences and then effecting the calculation with
the appropriate formula. The interval A# is given in this

case, and as many successive differences are taken as the

accuracy permits. One aspect of this process requires emphasis.
If the given values of the function are the results of measure-

ments, then their accuracy is initially impaired by errors of

observation. To evaluate differences of a high order would
in such a case be a waste of time. Let us consider how such
errors affect our table of differences.

As the simplest case, let it be assumed that the true values

of the function are exactly zero. The measurements, more-

over, we will take to have given zero everywhere except at one

position where y e is found. The table then takes the form :
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The differences of higher order, then, become more and
more affected by the error in the observation,f
From the assumption of

"
sensible

"
variation of the

function it follows, on the other hand, that the differences of

higher order become smaller and smaller. The error of

observation will accordingly obscure the real differences and
make itself evident by the irregularity in the variation of the

differences in the columns. As a consequence, if on setting
out the table of differences those above a certain order vary
irregularly in their columns, nothing is to be gained by further

tabulation, since the effect of the error is already predominant.
It appears then that the table of differences itself provides
the criterion and limit for the accuracy attainable in the

calculation for the given function. Finally, in using the formula
for differentiation derived from formula II it is worth noting
that the smallness of the error in the approximation, that

is to say f(x) g(x), is no guarantee of an equally good
approximation to the differential coefficient.

2. INTEGRATION

The integral formulae may be used for the construction

of the integral function

x

f(x)dx + 770-

in the following manner.

By writing out the table of differences and applying formula

I, the partial integrals

x,
f k+Z

i(x)dx- f(x)dx-.
J

are obtained, and added to the initial value
77 0)

the values of

the partial integrals for this purpose being written on the lines

between the given values of the function. By this means the

integral function is derived in tabular form for the same
interval d = A# as for the function f(x). A sufficient number
of values of the function f(x) must be provided over the range

f The coefficients of e are binomial coefficients.
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of integration in order to be able to construct the higher differ-

ences.

If the calculation is conducted according to formula II then
the partial integrals extend over intervals of breadth 2 . A#,
and

f "JIM*! [ "}(*yte;. . .

J <T **' J /v

^fc-1 ^fc+lfc+1

are evaluated in succession.

In this case the integral function is obtained in tabular form
with the interval 2A#, but of course there is less labour in

the calculation. In the estimation of the error in the inte-

gration it is necessary in the first instance to estimate this for

each of the partial integrals and then to take their sum.

Example. Integrate the function specified by the following
table:

X

rj
=

j ydx
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X
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permits, a very convenient and therefore frequent method
for the differentiation of empirical functions. This process
is set out as a numerical example in a different notation as
under. In the accompanying table the first column x gives
equidistant values of the independent variable, while the second

y gives a series of values derived by experiment. Replacing the
differences by the corresponding values of y, then, the approxi-
mate value

2. Ax

dyis derived for the differential coefficient T- at the position
dx

xn . The numerator of this fraction is written down in the
third column of the table and the fourth column contains

X
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Corresponding to formula la for a strip of breadth <5 between
the positions xk and a?fc+1 , we obtain

ydx =d. ~ yk+l )
-

(2/4-1+

so that we can construct the integral function

77
= ydx

by summing the values for the successive strips. As is evident,
the function to be integrated must be given over a region

greater than that of integration by a breadth of strip both at

the beginning and end of the interval. The details will be best

illustrated by an arithmetical example.
In the accompanying table the first column gives the values

of xk and the second the given values of the function, t/*.

It is required to construct the integral

rj
=

I

ydx.

3-7
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The first strip, its breadth being 6 =0-1, extends from
x 1 to x z . In the third column there appear the sums yk -f yk+ i

beginning at k 1 and written on the line midway between
k and (k + !) In the fourth column is set the sums

2/fc-i + 2/fc+2-
Thus for the first strip with k = I,

y -f y s
= 3-420 + 7-660 == 11-08.

It suffices to write one decimal figure less in this column
since these numbers are still to be divided by 24. Column

13
five is derived from column three by multiplying by .6

and similarly column six from column four by multiplying

by -. The numbers in the fifth column minus those in the

sixth column gave the integral values for the separate strips

k, k + 1. These appear in the seventh column in small type,
and are continuously added, giving the large type in the

seventh column. These represent the required values of the

integral function
r\.

If we restrict ourselves to first differences only, then a
first approximation to formula I leads immediately to

ydx = . (yk + yt+1 ),

xk
and a schematic arrangement for calculation can be constructed

from the previous case merely by omitting columns 4, 5, and

6. By multiplying the numbers in the third column by -
t

the integrals for the separate strips is immediately derived,
that is to say, the successive increments in the integral. To
save space the figures thus obtained are incorporated in the

previous table as an eighth column. Note the differences

that occur in the second decimal figure.

Corresponding to the integral formula II, we find

ydx =

for the evaluation of the partial integrals, which however
now stretch over a double interval xk _ l

to xk+l as a strip. The
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values of the integral by this formula are derived for values

of x at intervals 26 apart. For this reason the labour in the

calculation is considerably reduced.
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Evaluating these in the case of our example for k = 2 and
Jc = 5 we get 10~ 5 and l-4x 10~ 5

. The value of the integral
function for x 4-3 is composed of those for six strips so that

its error is of the order of magnitude 10~ 4 and therefore affects

the fourth decimal figure by one unit.

In the case of formula Il'a the error for the double strip is

=
90^+2- fyk+l + 6yfc

- tyk -! + yk, 2}.

In the corresponding arithmetical example the result in

this case also would be affected in the fourth decimal figure

by one unit.

4. INTERPOLATION AND DIFFERENTIATION WITH NON-

EQUIDISTANT VALUES OF THE FUNCTION

All the methods of interpolation so far developed have
assumed that the values of the function are known for equi-
distant values of the independent variable. In the treatment
of the general case for non-equidistant values it is proposed
to restrict the discussion to interpolation by means of an

integral function of the second degree with the associated

methods of differentiation. We may proceed at once to an
actual numerical example.
At the values of x given by

#! = 2-2
;
x z
= 3-4

;
X 3
= 6-5,

let the values of the function be

yi =9-7; y z =23-1; y, -84-6.

It is required to determine the values of the function and
of the differential coefficients at the positions given by

x = 3-0
;

4-0
;

5-0.

Linear interpolation between y and y s gives

With quadratic interpolation there is in addition to this a

product

c(x
- xl)(x

- x 3)
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where the constant c is to be so selected that the whole
formula

y =

shall give precisely y z when x z is inserted for x. Accordingly
c is derived from the equation

Moreover, on differentiation we derive

The following table gives the successive steps in the calcu-

lation :

1
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column the values of

y*
~ y

\x - x,) = yi
-

Vl .

xz
-

*f.

By adding y l to this the value of yl
derived by linear inter-

polation may be written in the eighth column.

For the evaluation of c we find

(z 2
- x^(x z

- xs)
= -

3-7,

and therefore

= s i. = = 2 . 2- 3-7 - 3-7

In the ninth column we now insert c(x Xj)(x x 3), that is

to say, the product of 2-02 and the numbers in the fifth column.

The addition of the numbers thus derived to the corresponding
ones in the eighth column gives the values of y derived by
quadratic interpolation, and these can now be inserted in the

appropriate positions in the second column. This completes
the interpolation.
To evaluate the differential coefficients we insert the

products c(x X-L -f x x3) in the tenth column, i.e. the

products of c 2-02 with the numbers in the sixth column.

To each number now in the tenth column we must add

X* Xl

thus providing the values of y' as found in the eleventh

column.
It may appear superfluous to write all the foregoing figures

in the above table, but experience in calculation shows that

the small additional labour in calculation is amply rewarded

by the ease in checking and recalculation.
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CHAPTER VI

MECHANICAL QUADRATURE

HE problem of determining the value of the definite
b

integral I f(x)dx frequently occurs as a step in

many investigations. In most cases the limits a and 6

and the integrand f(x) within that interval are finite.

Should this not be the case then a special investigation is

necessary as a preliminary to determine whether the integral

converges. This latter question will not be dealt with here,

but the student is referred to a textbook on integral calculus

for the methods that may be adopted as tests of convergence.
The particular process that will be most suitable for deter-

6

mining the definite integral f(x)dx depends largely on how

a

the function f(x) is specified, and to what degree of accuracy
the result is required.

If f(x) is given as an analytic expression either as a closed

function or in the form of an infinite series, or even if it is

defined in algorithmic or tabular form, then the problem is

simply reduced to the determination of the indefinite integral
in a form which does not involve too much labour in the

calculation of any particular case. If the integral, however,
cannot be expressed in the form of a simple function con-

venient for calculation should it lead, for example, to slowly

converging series then it is advisable to apply a numerical

process. For this purpose the integrand f(x) must be evaluated
at a series of selected values of x inside the interval of integra-

tion, and an approximate expression for the integral derived

from it.

91



92 PRACTICAL MATHEMATICAL ANALYSIS

1. SIMPSON'S RULE

Let us select, as the simplest case, that in which f(x) is

calculable for a series of equidistant values of x, or one in which
the values of /(r) are given initially in tabular form for such
values of x as, for example, where it is an empirical function.

For this purpose the formulae for integration in Chapter V,

2, may be utilized. The construction of the table of differ-

ences, as was there indicated, gives an insight into the accuracy
of the given values of the function (when dealing with empirical
functions), provides a means of estimating the error in the result,

and indicates actually in the process of calculation the degree
of accuracy to be adopted.

If formula Ha is used, differences up to the second order

only being retained and the summation effected for the double

strips inside the range of integration, the formula known as

Simpson's Rule for the evaluation of an integral is obtained :

= ydx

X

_d (
\

3*1
*~ 1

*j

To apply this formula the value of the function must be given
at an odd number of points. The expression within the brac-

kets is very easily evaluated by means of a calculating machine.

If such a machine is not to hand, then it is best simply to

obtain the sums of the ordinates with equal factors in this ex-

pression, multiply them by their appropriate factors, and add.

How the error is to be estimated in this case has already been ex-

plained in the previous chapter. For this purpose it is neces-

sary to obtain an estimate of the magnitude of the expression

{Vk + 2
~~

tyk + l + %& ~ tyk-l + 2/i-2}

for various values of k, within the range of integration. This

quantity is proportional to the differences of the fourth order

that have been neglected. If m is a mean value of this

expression within the brackets, then the magnitude of the

error F will be given by
n d

since - is the number of strips.
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The application of formula la does not lead to any convenient

expression for the definite integral. On the other hand
the formulae obtained in Chapter V, 3, as

"
first approxima-

tions," lead to the following :

and
S. =

which may be applied in cases where a less degree of accuracy
is required. For this purpose it is best to avail oneself of

both formulae and take the result as correct to the last decimal

figures that agree.
The foregoing method of integration may, of course, be

applied when the integrand f(x) is given directly as a curve.

The interval of integration is divided up into strips of equal
breadth, and it is merely a question after that of adding
ordinates as taken from the curve. For that purpose a so-

called measuring wheel or curve meter is a great advantage.
It is simply a sharp-edged roller with a counter telling the

number of revolutions. The roller is run successively over the

ordinates that have to be added, the sum being read directly
on the counter. A slight modification of the measuring wheel
also enables curved surface areas to be measured. For this

purpose a second and similar wheel is fixed to the axle of the

first and distant d from it. In addition, there is an arrange-
ment for colouring the wheels to render the curve traced out

by the rollers apparent. By this means it is possible to cover
the surface area with strips of breadth d, the length I being
read off on the counter. The product I . d gives a measure of

the surface area.

If f(x) is drawn on millimetre paper, then the area may
of course be obtained by actual counting of the squares.
This process has the advantage of being independent of any
temporary stretching of the paper. Moreover, with curves
that possess rapid fluctuations in value, such as are provided
by many recording instruments, it is frequently the only method
available.

There are, in addition, many instruments, so-called plani-

meters, enabling the area to be evaluated by mechanical means.
A description of these, which will not be entered into here,
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will be found, for example, in Galle, Die mathematischen Instru-

mente (Leipzig, 1912).
The foregoing methods, that of Simpson's Rule and the

tangent-trapezium, demanding a summation of the ordinates,

may with advantage be applied in the following case where
the integrand is given in graphical form :

When the integrand consists of the product of two functions,
then it may happen that one of the factors is integrable in

terms of known functions.
b

For example , suppose it is required to evaluate
j
f(x) . g(x)dx

and that
f g(x)dx = G(x)

where G(x) is a known function of x. Let the portion f(x)
of the integrand be given graphically f as a curve to abscissa

x. A new variable t is then introduced through the equation
dt = g(x)dx, so that t = G(x). This implies that x is now a
function of t, x =

<p[t~\. Substituting this new variable into

the function /(#), we obtain the integral in terms of the new
variable t :

b' b'

I 'I

a' a'

where the limits a ' and b
'

are now to be expressed by means of t.

This analytical substitution may be
effected graphically in a very simple
manner. For this purpose the new
variable is introduced by setting up
a so-called scale. For a series of

equidistant values of t, the corre-

spending value of x is calculated. If a

curve of f(x) is drawn to a base x, the
values of the latter corresponding to a series of values of t,

may be marked off on the z-axis on the under-side. For

equidistant values of t we derive a sequence of non-equidistant
divisions (Fig. 17). The x axis now bears a dual system of

f Such a case occurs, for example, in approximating to an empirical
function by means of a rational integral function f(x). (See p. .118.) In

that case an integral of the form ff(x)x
ndx has to be evaluated.
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values, on the upper side corresponding to equidistant
values of x, and on the under-side to equidistant values of t.

This specifies the relation between x and t. The same curve

which represented f(x) to abscissa x now represents the values

the function adopts when t is substituted in terms of x. To
evaluate the function

&' 6'

a' a'

it is merely necessary to add the ordinates corresponding to

the values of t marked on the under-side of the a: axis. Where
such substitutions are expected to be of frequent occurrence

scales may be prepared in advance on strips of paper and laid

along the x axis to fix the starting-point for the integration

by means of the measuring wheel, f

In the case of integrations involving substitutions of this

nature, planimeters are at a disadvantage since the curve

would require to be redrawn for each substitution. J

2. GAUSS'S METHOD OF INTEGRATION
b

The problem is to evaluate the definite integral f(x)dx

a
where f(x) is a given analytic function whose integral is not

expressible in terms of known functions. Let it be supposed

t For approximation by means of rational integral functions, in the
manner described in Chapter VIII, strips should be used which provide the

values of the expression t = , for n 1, 2, . . ., and the integra-

tion effected in two stages by integrating twice from zero to +1 or to

- 1. Thus the scales should be drawn for the range t =0to= ,

that is, for u = to u = 1.

J The calculation of the coefficients a* of a Fourier Series may also
be made by this method. Since

ij* ) cos "he . dx

o

it is necessary to introduce a new variable t defined by the equation
sin Arc

dt = cos fa . dx = d ; .
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moreover that f(x) is of such an involved form that even the

calculation of values of the function can be effected only with
excessive labour. The question then arises, how to determine

a good approximation to the value of the integral in terms of
the smallest number of values of the integrand. The problem
may also be presented in the following manner : let the integ-
rand y = f(x) be evaluated at n positions. As an approxima-
tion to the value of the integral let the form

N - Rtf! + R#, + . . . + RnSfc

be adopted, where yx= /(a\) is a calculated value of the

integrand and RA is a constant to be suitably determined.

The question is, at what positions #A ought the values yx to

be calculated and what are the coefficients RA in order that

for a number n of calculated values yK , initially given, the best

approximation N to the integral may be obtained.

According to Simpson's rule, the values #A are distributed

uniformly over the interval, while the values of Rx are given

by R x
=

1, R a
= 4, R 3

=
2, R4 4, . . . It is, however,

very probable that by adopting a different distribution of #x's
and RA 's, to the number n, a much better approximation can
be obtained.

The solution of this problem is exceedingly important in

experimental physics. If the integrand is a function whose
values are derived by measurement, then it is frequently
a matter of considerable moment how by means of the smallest

number of measurements to attain a maximum degree of

accuracy. The solution of the problem is due to Gauss.

Transform the integral

by means of the substitution

a + b . b a
rf . _1_ ni

2 2

where u is a new variable, the limits of the integral becoming
1 and +1. If y is now taken to represent the function

of u, the integral takes the form

|

ydu.

-i
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For simplification in writing it is advisable to deal with the

mean value of y in the interval + 1 to 1, that is to say, one
half of the above integral. Thus if W is the mean value

+1

W = J ( ydu.

Let it now be assumed that the function y is expansible in the

closed interval + 1 to 1 as a convergent power-series in

u. Should this assumption be unwarranted, then the original
interval of integration a to 6 must be divided up into smaller

portions and the calculation carried through for each interval.

The power series will be represented by

By term-by-term integration of this series we will derive the

true value of W. Thus

. ...

The problem is now to find an approximation to this value

by an expression of the following form :

N = Rl2/1 + R 2*/2 + R 32/ 3 + - - + Rn*/-

The values y lt y 2 , y z , . . . yn may be expressed in terms of the

corresponding values of u l9 u 2 ,
u s ,

. . . un of the variable u

by means of the power series
;
N accordingly becomes

N == R! . ( -f aw! + a tu!
2 + . . . )

+ R 2 . (a + a&z + a 2u 2
2

-f . . . )

H- R 3 . (a + a^ 3 -f

The values of u lt u 2 . . . and R l5 R 2 ,
. . . are now at our

disposal to effect as close an agreement as possible between
this approximate value N and the true value of the integral,
W. Rearranging this approximate expression in the order

of the coefficients a , a l5 a 2 >
we get the following form :

N =o .(R 1 +R, +R, + . . .)
R 2w a

-f R 2^ 2
2
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Comparing this expression for N with that found above for

W we see that the corresponding terms in the two series may
be brought into entire agreement if the values of RA and uk

satisfy the following conditions :

(1) R! + R 2 + R 3 + R 4 +- - =1,

(2) R^i + R 2^ 2 + R 3^ 3 + R^4 + . . .
= 0,

(3)

(4) R^3 + R 2^ 2
3 + Rs^s

8 + B 4^4
3 + - . .

= 0,

These are, however, equations for the quantities Rx and u^, and

they are independent of the coefficients a^, that is to say, they are

independent of the form of the integrand.
There clearly exists a direct connexion between the number

of terms of type R^ which are taken to build up the approxi-
mation

N =
and the degree of accuracy attained by that approximation.
The actual number of terms that coincide in the expression
for W with those for N, arranged in a series of a^s, is evidently
a first measure of the accuracy ;

for a given value of n this

will moreover depend on the rapidity of convergence of the

power series for the function.

Taking as an illustration three terms in the approximate
expression,

we have to determine the six unknown quantities R 1} R 2 ,
R 3 >

u lt n z ,
u

For this purpose the following six equations may be used :

(1) R, +R 2 +R 3 =1,

(2) RJ^J + R 2w 2 + R 3^ 3
= 0,

(3) R^! 2 + R 2^ 2
2 + B 3^ 3

2

=|,

(4) R^j3 + R 2^ 2
3 + R 3^ 3

3 - 0,

(5) ~,

(6) R^!5 + R 2w 2
5 + R 3^ 3

5 = 0.





FIG. 9. BUBKHARDT-ARITHMOMETER

FIG. 10. SAXONIA CALCULATING MACHINE
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The equations are satisfied by the following values :

5 3'

ut= o,

If N is constructed from these terms, then W and N agree
as far as the coefficient o 8 . This may be otherwise expressed
as follows :

If the integrand y is a rational integral function of the

fifth or lower degree, then the above expression for N in

three terms gives the exact expression for W. In such a case,
of course, the power series terminates with the term a&u

5

so that the expressions for N and W become identical.

A general statement may be made in this connexion, of

which the above is a particular case :

n

// the expression for N is composed of n terms V* R^x, then

i

it provides the exact value of the integral if y is a function of
not higher than (2n l)th degree.

If in the case where the approximate expression has three

terms the power series for y does not terminate with a 5u
5

,

then in general a sufficiently close estimate of the accuracy
attained by this value of N may be made by a consideration

of the next equation (1) of the system, viz. :

(1)

This equation is, of course, not satisfied by the values of

R and u derived from the first six equations, giving in fact

for the left-hand side not but
( -f

).
The approxi-

i \ t 175/

mate expression thus provides a 6
(

-f
)
instead of -

\ i Li O/ t

as the corresponding term in W. While the earlier terms
4

agree, this one differs from the true value by y
a. The

succeeding terms also differ from the true values, but since



100 PRACTICAL MATHEMATICAL ANALYSIS

the coefficients a^ of the power series diminish with increasing

fjL
on account of the convergence, the deviation of the first

few terms will be of most importance in determining the order

of the error N W.
The same considerations may be applied quite generally for

an approximation involving n terms. 2n equations are derived

for RA and u^ (A
= 1, 2, . . . n). When these values of RA

and u^ are inserted in the (2n + l)th equation a deviation A
is derived, and the error may be estimated from a2n A.

In the following table the values ofRx ,
ttA ,

andA are collected

for the cases where n = 1, 2, 3, 4.

n = 1
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larly if y can be represented as a power series whose remainder

is negligible after a few terms in the expansion. If this power
series for y is easily found, then by using the value of A given
in the table, the degree of accuracy obtainable may be esti-

mated before the calculation and thus the number of terms

n in the approximation may be determined.

If the integrand is a function determined by a series of

physical measurements, then the number of terms n in the

approximate expression may frequently be determined from
a consideration of the degree of the rational integral function

which would approximately reproduce the observed values

and their fluctuations. From the fact that an expression for

N consisting of n terms gives the exact value for an integral
function of the (2n l)th degree, the value of n may then be
found.

Example. It is desired to find the mean daily temperature by
means of three temperature readings. At what times ought these

to be taken ?

Here n is given equal to 3. Taking the day as extending from
12 a.m. to 12 p.m., then the corresponding values of u are

Ul = ~ A/T- % =
. 3

= + */!-;
that is, the times required are

2 h. 42 m. a.m., 12 noon, and 9 h. 18 m. p.m.
The justification for the assumption n = 3 lies in the fact that the

temperature variation for each day can be expressed with sufficient

accuracy by means of a rational integral function of the fifth degree.
IT

2~

^Example (1). Evaluate
J
cos x . dx by Gauss's method, using

7T

2~

three ordinates and four ordinates respectively.
i

^Example (2). Evaluate f -^- . [=0-7854] by Gauss's method,
J 1+aJ

using four ordinates, and by Simpson's rule, using seven ordi-

nates.

^Example (3). Determine the value of the elliptic integral

dx

V(l 0-16 sin's)"



CHAPTER VII

GRAPHICAL INTEGRATION AND DIFFEREN-
TIATION

L
A. INTEGRATION

ET the function f(x) be given in graphical form
;

the

question we propose to discuss is how to determine

the integral function

by graphical processes.
As far as the mechanical solution of this question is con-

cerned, special instruments so-called integraphs have been

constructed specifically for the purpose. The principles on
which these are based are exceedingly simple and will not be

dealt with here
; they are described in many textbooks, such

as Die mathematischen Instruments by Galle. The high price
of these instruments justifies the development of methods that

can be conducted with simple graphical material.

1. INTEGRATION OF A "
STEP-CURVE

"

Consider in the first place a specially simple case. Let the

function y =f(x) which is to be integrated, when drawn in

a cartesian co-ordinate system, be represented by a continuous

sequence of straight lines parallel alternately to the x and y

axes, forming a "
step-curve." Let the units of length in

terms of which x, f(x), and
7?
the ordinate of the integral curve

is measured, be all equal (Fig. 18). Consider in the first place
the horizontal line of f(x) from x to x 2 . Its distance from the

x axis is y x . Since the differential coefficient
'
of the

integral function is equal to the integrand f(x), it follows that

F(#) must be rectilinear between x^ and x z ,
and such that this

102
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straight line is inclined to the x axis at an angle rp l such that

This, then, determines the direction of the first piece I of

the integral function, the initial point A being arbitrary, that

is to say, the value of ~F(x) at x = x^ must be additionally

specified.
The integration of the second horizontal piece for f(x), from

FIG. 18.

x 2 to 3 , again provides a rectilinear portion (II) for the integral

curve, whose slope is determined from the equation

tan ? =
dx

=
2/2-

The portion II of the integral curve is thus completely deter-

mined, since it must commence at the terminal point of I
;

and so on from one portion to the next. The method, more-

over, is equally valid for negative values of the integrand, in

which case
<p

is negative and the corresponding straight-
line portion slopes downwards.

It is customary to determine the angle of slope <px of the

integral curve by the following method. To the left of the

origin, on the x axis, a point P is taken as
"
pole," at distance

p mm., say, from the origin, where PO = p mm. is the unit

length in terms of which x and f(x) are measured. Producing
the horizontal lines, representing f(x), to meet the y axis, a
series of points are determined on the latter specified in the

figure by 1, 2, . . .
;

thus 01 = y, 02 = y a ,
. . , Join the
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pole P to these points 1,2,. . .on the y axis
;
then the rays

PI, P2, . . . PA, are inclined to the x axis at angles <p l5 <p 2 ,

. . . <px . . . ,
and each linear portion of the integral curve is

parallel to its corresponding ray.
In most cases it is more advantageous to select the pole

distance OP different from the unit of length on the x axis.

In the same way we might take the units of length on the x

and y axes as different. From these three units it is quite

simple to derive the unit in terms of which the ordinates of the

integral curve
r\
= F(#) is to be measured.

Let the unit of length on the x axis be ex mm. long, and
ev mm. on the y axis, then the curve y =f(x) stated in exact

terms implies that the numbers x and y are represented by
lengths xe^_mm. and yev mm. respectively. If now the pole

distance PO is taken say p mm. in length, the same scheme
of construction being however retained, then the angles
between the pole rays and the x axis are determined from
the equation

If, however, the unit of length in terms of which the ordinates

YI
=

~F(x) of the integral curve are to be measured is e^ mm.
long, then its tangents make with the x axis an angle whose

trigonometrical tangents are

ex

'

dx
'

In order that the construction may provide the correct

integral curve we must have, therefore,

ev e- dF(x)tan cp
= y .

*- == _i_
. __LJ.

P e
x dx

On the other hand, quite apart from our choice of units, we
must always have the equation

dF(x)

TBT '9~M-
It follows at once that the conditional relation between the three

units of length ex ,
e
yi

e and the pole distance p is of the form

P



GRAPHICAL INTEGRATION 105

On account of the great freedom thus offered in the choice

of units of length, the graphical method possesses a great

advantage over the use of the integraph. According to the

degree of accuracy with which the quantities may be read

off, the units of length are selected, and the distance of the

pole determined.

2. INTEGRATION OF FUNCTIONS IN GENERAL

The method developed in 1 for the integration of a step-
curve may now be extended to the integration of any curve

in general by replacing the latter y = f(x) by an equivalent

step-curve. This may be done in two ways, giving rise to

two methods, referred to shortly as the first and the second.

k

First Method. The function f(x) which is to be integrated
between the limits x^ to x z is represented in Fig. 19 by the

curve T^. Replace f(x) by a step-curve TJ1

,,
. . . T8 ,

composed alternately of portions parallel to the x and y axes,
i.e. TiT.,, T 3T 4 ,

T6T6 ,
and T7T8 . The first and the last of

these lines are determined by the fact that they must pass

respectively through the initial and the final points T! and
T8 of the curve f(x). The portions of the step-curve parallel
to the y axis, T tT 3 and T 4T 5 ,

are to be drawn so that the areas

shaded by lines in the same direction and lying on each side of
the lines parallel to the y axis, are equal. The extent of the

accuracy with which this can be accomplished by eye is purely
a matter of skill and practice. It will be assumed here that

this condition is rigorously satisfied, so that we may now
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integrate this step-curve by the method outlined in 1. The

polygonal sides ABCD . . . will thus be derived as the integral

curve, the position of the initial point A being immaterial.
As regards the integral curve

,=*(*) =
^f(x)dx

the following may be asserted :

1. It passes through the point A.

2. It passes through a point Q', lying on the stretch BC
of the integral polygon, and vertically above the point Q
where the horizontal portion T3T 4 of the step-curve meets

f(x). If the ordinates of the two integral curves, corresponding
to the step-curve and to f(x) itself, are measured from a hori-

zontal line through A, then their lengths give a measure of

the area which lies to the left of that ordinate between the

x axis and the corresponding curve to be integrated. (Since
X

r,
=

[ f(x)dx.)

From the equality of the shaded segments, however, it

follows that the area under the step-curve to the left of QQ'
is equal to the corresponding area under the curve f(x). Hence
the ordinates of both integral curves, lying along QQ', are of

equal length, and consequently the two integral curves have
the point Q' in common.

It is evident that for similar reasons both integral curves

have the points R' and S'. . . in common, and in general
it is clear that both curves have those points in common
which belong to the same abscissa as that of the intersection

of f(x) with the horizontal portions of the step-curve.
3. The sides of the integral polygon of the step-curve are

tangents to the required integral curve,

_
It has just been shown that the point Q' on BC is itself a

point on F(#). The tangent to the curve
77
=

F(o?) at the

point Q
' makes an angle 99

with the x axis such that

tan
<f
= =/<*) =
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taking all the units of length equal,f But the side BC of

the polygon makes this same angle cp
with the x axis since

BC is the integral curve of T 3T 4 . Similarly it is seen that

AB, CD, DS'. . .are tangents to F(z) at the points A, R',
S'. . .

It is now clear that by integrating the step-curve by the
method of 1 we derive a set of points on the required integral
curve, along with the tangent at each of these points to that
curve. It is then no difficult matter to sketch the integral
curve inside this tangential polygon, and the problem is thus
solved.

As regards the accuracy of this process, instead of carrying
through an analytical estimate, the reader is advised to evaluate
an integral by this method

;
the accuracy attained will surprise

him.J A check may be made on the result by traversing the
whole curve by means of a planimeter ;

the last ordinate
of the integral curve should of course give the reading derived
from the planimeter.
The particular form of step-curve used to replace the

integrand f(x) must be decided in each case on its merits.

If, for example, f(x) has a maximum or a minimum, then it

is advisable to use the tangent at the turning-point as one of

the horizontal portions of a step. Instead of making the

steps very small and thus using a large number of them, it

is better to use a number of different methods of division,
that is to say, a number of different sets of steps for the same
curve, and use all the points and tangents given by these

sets, in sketching in the integral curve.

Second Method. The second method differs from the fore-

going in that it adopts another arrangement of the step-
curve (see Fig. 20). Here the portions of the step-curve
T^a, T 3T 4 ,

. . . parallel to the x axis are so adjusted that the

segments similarly shaded above and below have the same
area.

The step-curve is integrated, giving the polygonal sides

A, B,. . .E. . ., and it is clear that the required integral
X

curve F(z) = f(x)dx has the points A, B . . . E, F in common

Xi

f The modifications in the equations when this is not the case are

easily introduced.

% The accuracy is at least as great as that given by the integraph.
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with the polygon. The tangents at these points may be found

by an additional construction.!
These two methods of integration may be described as

follows :

The first method provides a tangent polygon to the required

integral curve, the second merely an inscribed polygon. In

general, therefore, the first method is better.

On the other hand, the second method is very suitable

when it is not of importance to determine the full run of the

integral curve F(#), but only particular values F(#A) at given

(for example equidistant) values of x. In such a case the verti-

FIG. 20.

cals of the steps are drawn at these values of #A and the

construction then provides the values of the integral curve
at these abscissae.

The integration of an area bounded by a closed curve may
be reduced to the integration of a single valued integrand
by these methods.

3. APPLICATION OF GRAPHICAL INTEGRATION TO THE
DETERMINATION OF THE R/EMAINDER IN TAYLOR'S EXPAN-
SION FOR AN ANALYTIC FUNCTION

When a given analytic function is expanded in a power
series, it is exceedingly important, in all cases where the

expansion is discontinued after a finite number of terms,

f For example, to find the tangent at B, a parallel to the x axis must
be drawn through the intersection of the vertical step T 2T3 with f(x).

This cuts the y axis on a point a ; the ray Oer gives the direction of the

tangent at B.
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to determine the magnitude of the error thus introduced

In most cases it is possible to make an estimate of the error,

but it is certainly worth while evolving an actual representation

of the error itself. The error, or
"
remainder," will be a function

of the independent variable, which as we shall presently

show, may be represented in graphical form by means of a curve

derived by a series of graphical integrations.
We suppose that the function f(x) has been expanded as

a power series at the point x = 0, and that the expansion has

been broken off at the term of nth degree ;
we then have the

following equation :

S(x)
=

o + a tx + a zx* + . . . + anx + R(z),

where R(#) stands for the remainder. (If f(x) is expanded at

the point x = p and not x = 0, then we may imagine a x p
introduced as a new variable.)
Between the coefficients ox and the derivatives of the func-

tion f(x), the following known relations hold :

(df(x))
ai=

r$r\-s

" n\ dx

For the function R(#), that is, for the
"
remainder," and for

its derivatives, we have the following conditions :

R(0) = 0,

The function B(a;), that is to say, vanishes at x = along with
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its first n derivatives. This follows from the definition of

aA, by differentiating the equation

f(x)
= a -f- a^x -f a zx

2 + . . . -f anx
n + R(#)

n times in succession.

On differentiating (n + 1) times we find

dn+lf(x) _ dn+1E,(x)
dxn+l dxn+l

which holds for all values of x. Hence as regards the function

R(#) we know its (n -f- l)th derivative, and we may imagine
that this has been determined in the form of a curve. We
know, moreover, that R(#) and its first n derivatives vanish
at x = 0, and these conditions are sufficient to determine the

function R(#) which may be found by graphical integration.
The process is as follows. Integrating the curve representing

dn+1f(x]
, /;-

; so that the integral curve vanishes for x = 0, wen+

obtain a function which has the same derivative as -,
dx*

and since it vanishes for x= it represents the nth derivative

of R(z).

Again integrating this latter curve with identical initial

conditions, that is, such that the integral curve vanishes for

x= 0, we derive a curve representing the (n l)th differential

coefficient of R(#), and again by the same process the (n 2)th
differential coefficient. By repeating these integrations (n + 1)

times we finally derive a curve showing the variation in the
"
remainder

"
with x. Stated shortly, the process may be

described as follows :

To derive the remainder in the Taylor's expansion of a

function developed as far as the term of nth degree only, the

(n -f- l)th differential coefficient of the function must be

plotted. This curve must then be integrated (n + 1) times,
such that the initial values at each integration are zero.

The final integral curve then represents the remainder as a
function of the independent variable.

In carrying through the various steps, the following points
are worthy of attention : In order to obtain a compact drawing
it is not advisable to sketch in all the curves obtained with

reference to the same co-ordinate axes, but to select a suitable

set for each curve (see the following example). At each
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integration, moreover, it is necessary to select a suitable

pole distance in order to have the curve of the
"
remainder

"

expressed in convenient units.

Pol

-
1

In Fig. 21 the drawings are given for the case of the function

y = log (1 + x)

which is supposed expanded at the point x = as far as the

first term only, so that

y = x + R(*).
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The second differential coefficient which has to be plotted is

This is the first of the set of curves drawn in Fig. 21, and is

marked a. A first integration produces the next curve marked
K 15 drawn with reference to the axis x''. This curve K!
is again integrated, the result being the required remainder

R(#). This is the third curve of the set and is drawn with

reference to an axis x". With the appropriate scale of

measurement, the values of the remainder for various values

of x may be read off.

B. DIFFERENTIATION

If a function y f(x) is given in the form of a curve in

rectangular co-ordinates, it is possible to determine its differ-

ential coefficient for any particular value of x only to a moderate

degree of accuracy on account of the practical difficulty in

fixing the position of the tangent to a curve at a point. On
the other hand, it is much easier to determine the point of
contact of a tangent having a given direction, and use is made
of this fact in the construction of a graphical method of

differentiating. Let AB be a portion of the given curve /(#),

and r the direction of the tangent which is to touch the

= arc AB (see Fig. 22). In order to avoid

^^^^T^sa^ having to depend entirely on the eye for the

FIG 22
determination of the point of contact, the fol-

lowing plan may with advantage be adopted.

Let it be assumed that the arc AB of the curve f(x) is very
approximately the arc of a conic, then the required construc-

tion for the tangent may be made to depend on the properties
of conjugate diameters, for it is merely necessary to take two

chords of AB parallel to the direction r
;
the point where the

line joining their mid-points cuts the arc is the required point
of contact.

How far it is justifiable to replace the arc AB by a conic

will become at once clear if instead of two chords a series

be taken and bisected. The mid-points will lie in general
on a curve which in the neighbourhood of the arc becomes
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approximately straight. The extrapolation to cut the arc

may then be made without serious error, and the point of

contact may thus be found.

If the points of contact corresponding to a series of suitable

tangential directions are derived by this means, then it will

be possible to construct the differential curve y'
= -^~d/x

point by point. For this purpose a point p is selected as a

pole on the x axis and lines are drawn out from it to meet
the y axis in directions parallel to the selected tangents of the

curve /(#), which is

to be differentiated

(see Fig. 23). The

points of contact B 15

B t,B8,B 4 . . . of the

tangents are then

found, the drawing
of the tangents them-
selves being of course

quite unnecessary.

Through B 1} B 8 ,
. . .

lines are drawn

parallel to the y axis
;

on these lines the

values of f'(x) require to be set off. Since /'(#x)
= tan <px ,

where
<px is the angle between the tangent and the x axis,

the lines from the pole parallel to the tangents also make an

angle <pA with the x axis and therefore cut the y axis in

points whose distance from the x axis is tan (p^= /'(#J.
These distances may then be projected on to the appropriate
ordinate by drawing parallels to the x axis. This construc-

tion determines a series of points on the differential curve

f'(x) which may be connected up by a continuous curve.-)-

The foregoing method may also be employed in the case

where the differential coefficient is required for a particular
value of x, the value being taken from the derived curve for

/'(#) at the appropriate place. A check may be applied to

the resulting curve by integrating it by means of a planimeter.

f For the relation between the units of length and the pole distance
see p. 104.

FIG. 23.

8



CHAPTER VIII

ANALYTICAL APPROXIMATION TO EMPIRICAL
FUNCTIONS

1. APPROXIMATION BY RATIONAL INTEGRAL FUNCTIONS

IN
Chapter V a method has been developed for determining

a rational integral function which assumes given values

for a series of equidistant values of the independent
variable. Should the given values of the function, however,
involve rapid variations for successive values of x, either on
account of errors of observation, where they have been deter-

mined experimentally, or because of any other source of

inaccuracy, it is frequently advisable to use for the representa-
tion of these values a rational integral function derived in

some other manner
; especially is this important where

application of the result is to be made for purposes of inter-

polation or calculation of differential coefficients of the observed

function.

Under these circumstances, it is not deemed necessary that

the function should actually adopt the given values, but rather,

taken as a whole, as close an approximation to these values

as possible should be obtained. If the given values be supposed
plotted on squared paper a series of discrete points will be
obtained. Instead of deriving a rational integral function

which will pass exactly through these points, a
" smooth "

curve is drawn to lie as evenly as possible through them.
This step is justifiable if it can be assumed that the functional

relation which is sought is capable of being represented by such

a smoothly running curve so that the deviations of the observed

values from this curve can be accounted for by errors of obser-

vation. The first method is as follows :

Let f(x) be the given function to which it is proposed to

approximate. To commence with, we suppose f(x) defined

continuously in the range, and for the present we need not

consider it as being given merely at a series of discrete points.
Our analysis will therefore include the case where f(x) is actually

114



EMPIRICAL FUNCTIONS 115

given as a continuous function, be it in the form of a curve

or as an analytic expression ;
the problem is to approximate

to this functionf(x) by means of a rational integral function.

Let

g(x)
= a + a^x + a zx* + . . . + anx

n

be the desired approximation to f(x). Let the n + 1 coef

ficients A be selected so that the integral
xa

M = [ (f(x)
-

(a + a,x + . . . + anx
n
)}*dx

Xi

acquires the smallest possible value. The limits x l and x t

specify the interval within which f(x) is to be represented by
the rational integral function. This interval must evidently
lie within the region for which f(x) is defined and at most

may equal it.

The assumption that M is to be a minimum is equivalent to

the statement that the squares of the differences between

f(x) and g(x) are on the average to be as small as possible.
This may be taken as the condition defining the extent of

the approximation, and the degree of the approximation will

be estimated by the actual value assumed by the integral M.f
The integral can only adopt the value zero when f(x) itself

is actually a rational integral function of the nth degree. For
a given value n of the rational integral function, M becomes

simply a function of the coefficients a
,
a ls . . . an ,

so that the

minimum conditions will be given by equating to zero the partial
differential coefficients :

dM
T =

(\ - 0. 1, 2, ... n)

da^

and this provides exactly n -\- 1 linear equations for the n + 1

coefficients.

For the present purpose it is advantageous to change the

limits of integration from (x lt x z )
to

( -f 1, 1) by introducing
a new variable u through the substitution

_ x, + x 2 x, - x,

~2~ "2~
f The degree of approximation might also be estimated from other

considerations (see e.g. C. Runge, Praxis der Reihen, Leipzig, 1904, p.

108), but the test here adopted has many practical advantages. In the

adjustment of systems of equations by the method of least squares, the
same criterion is applied.



116 PRACTICAL MATHEMATICAL ANALYSIS

In what follows we shall suppose this substitution has already
been introduced. Generally, then, we have

-fi

~.~ = Ux
. {f(u)

& Cak J
-i

We propose to consider the system of equations which arise

for the cases n = 0, 1, 2, 3.

(1) n =
In this case we have simply

=
~2 J

i

that is to say, a Q is the mean value of the function f(u).

(2) n = l

It is easily shown that

+1

-1
4-1

3 f

ai =
~2 \

uf(u)du '

i

For higher values of n, linear systems of equations are obtained

for the coefficients instead of merely a single equation for each

as in the above. For brevity we shall use the following
notation :

+1

J =
~2~ J

i

+1

Jl =
~2 \

ufWdu
>

-i
-fi

i

+1

-1
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(3) n=2
We have the following three equations :

a o -f
3-*

JQ>

T = Jl '

-^+_^:
= J 2 .

This gives as values for the coefficients

o. =
|(3J.

-
J,),

a, = 3Jx,

(4) n = 3

The system of equations are :

o +3^2
= Jo,

1 1

-! +^3 = ^1,
o 5

00 + -=2 = J 2 ,

o o

1
,

1

-!
4--^a

3
= J 3 .

These four equations fall directly into two groups, one pair
for and a z ,

and the other pair for a l and a z . Thus

a. =
|(3J

-
6J,),

a, == (3J 2
- J ),

a, = ^(5J3
-

3J:).

For higher values of n it is advisable to use another method
for the derivation of the appropriate expansion. The evalua-

tion of the integrals J to J 3 may be carried through by means
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of Simpson's rule (see Chapter VI), using given equidistant
values of the variable

;
in the case of n = 2 these should be

more than five in number, and in the case of n = 3 more than

seven. The following scheme will simplify the calculation :

X
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sufficiently approximate, then a t
= + 3Jj and a t is determined

by evaluating this integral, f

If the approximation is effected in terms of a rational

integral function of the third degree, then the evaluation of

a i requires two integrations. What degree n of the function

to choose in the approximation is a question that can only
be decided in each particular case. The tests that may be

applied are various : a comparison may be made between the

coefficient of term of n + 1th degree to verify that it is small

compared with the first coefficient, or the value of the integral
function found may be compared with the empirical function

to which it is an approximation, or finally, the value of the

integral M may be calculated.

Example. Corresponding to x = 1, 2, ... 9 the following
values yl9 y2 , . . . y9 have been obtained :

2/i
= 16, yz

= 66, 2/3
= 142, y = 257, y 6

= 401,

y- = 575, y 7
= 801, y B

= 1050, y 9
= 1319

where the last figure in each term is doubtful It is required to

find the differential coefficient at x = 5.

In the following table the introduction of the new variable

u and the evaluation of the various integrals J required for

Simpson's rule is effected. Thus :

X
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The coefficients a of the approximating function

g(u)
= a Q + cb^u + a tu 2

-f . . . + anu

are found for the cases n = 2 and w = 3 from the values of

J, viz.

J = 492-3,
J 1
= 218-3,

J 2
- 188-8,

J 3
= 131-4.

These give as values for the coefficients

n =2.
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2.
" SMOOTHING

"
OF EXPERIMENTAL CURVES

The following process, due to C. Runge, for approximating
to empirical curves by means of rational integral functions,

may also be utilized.

When the values of an unknown function for a series of equi-
distant values of the independent variable have been derived

experimentally, the first step is usually to plot the measured
values point by point on squared paper. By connecting them

up by a curve a general survey of the variation in the function

can be derived. If the observational errors are considerable,

and if it may be assumed that the actual function has no very

rapid fluctuations in value, then it is customary to draw a
" smooth "

curve not actually through the points, but evenly

among them, and yet as closely as possible to them. As a

first step towards this end it is customary in meteorological
work to^substitute in place of the points representing the actually
measured values a system of new points so adjusted that for

each abscissa x
i
the mean of three measured ordinates is taken,

thus

It is frequently possible by this process to derive at once a

smooth curve running through the points. This process is

of course only justifiable in so far as it can be assumed that

the actual function remains linear in the region x
i_ 1

to xi+l
with sufficient accuracy.

If this assumption cannot be made, then a better represen-
tation of the function will be obtained by using five successive

points and determining a rational integral function of the

second degree y = y(x) t
so that the sum

is a minimum when taken over the five points. Instead of

the middle point of the five, the value of (p(x) is then plotted
at that point.

If a new variable u is introduced instead of x, such that it is

zero at the middle term of the selected five, and that the dis-

tance between any two consecutive abscissae is unity, then

may be expressed in the form

= a
fl
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where the interval for u is 2 to +2. The coefficients are

to be determined, so that the sum

S{a 4- a^u 4- a tu 2 -
y}

is a minimum when taken over the values 2, 1, 0, +1,
-f 2 for u.

On differentiating this expression partially with respect to

a 0t a lt a z, the following system of equations is derived :

4- aw + a>&>*
-

y)
= 0,

4- aw -f a zu 2
y)
= 0,

^u 2
(a 4- ajU 4- a zu* y)

or written otherwise :

5a 4- ajZu -f 2S^ 2 = Si/

Since, however, these summations are over values of u of

2, 1, 0, 4- I* + 2, the sums of odd powers of u must be

zero. Moreover, we really require only the coefficient a

since this is the value of the function at u = 0, the point at

which the amended ordinate is to be plotted.

Hence, using only the first and third equations, and eliminat-

ing a 2, we find

Now

S^ 4 = 34 and Sw 2 = 10.

Hence

or

4- 24^ -

where ?/a denotes the value of y at u = a. This renders the

calculation of a possible, but it may be more conveniently
carried through, and more concisely expressed, if use is made
of the method of differences of the measured values, as far as

the second difference at least. This will enable us to judge
how continuously the measured values vary. For this purpose
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the following scheme of differences must be tabulated as far

as the fourth difference thus :

u
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minimum to the corresponding integral in this case, equations
of the following form will be derived to determine aa :

[
{/()

-
<p(x)} - Vadx =

-i
or

+1 +1

-1 -1
(a-0, 1, 2, . . . )

+1

Now the integral Pa . (p(x)dx is equal to the sum of the

-i

integrals :

+1 +1 +1

J
a ~PoPadx +

f
i - PiPadz + . . -f

[
aJ?nPadx.

-i -i -i

Let us now impose the restriction on Pa that all integrals
of the product Pa . P^ are zero when a ^ /?, while for a = ft

the integrals have a definite value. For this purpose we may
write, for example,

a
~~2* .a! dx

which may be considered as a spherical function of one variable.

This gives us the following set of values of P, viz. :

Po =1
P =x

p,-l
-t

t The function Pa+i may be calculated from the values of Pa and
Pa_l from the following reduction formula :

(a + l)Pa+i -
(2a + l)xPa + aPa-i = 0.
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On this assumption for Pa we find, in point of fact :

J
ft

I

i

+1

. a ! /J !

if a

For suppose > a, then integrating a times by parts we
End

-i -i

the remaining terms in the partial integration vanishing, since

(z
a

1)0, differentiated with respect to a a fewer number of

times than /?, is zero at the limits + 1 and 1. The first

term under the integral sign on the right-hand side is the

2ath differential coefficient of a function of degree 2a, that is

to say, it is a constant. Integrating the second factor, there-

fore, and remembering that
ft a > 1, we have an expression

which again vanishes at the limits.

If, on the other hand, a = /3,
then on integrating by parts

a times, we find :

-1 -1

It follows that by means of this particular choice of Pa the

value of the required coefficient aa in the expression for the

approximating function q>(x) is given by the equations

-i

The advantage of using the required expression for the rational

integral function in this form, especially when the latter is of

high degree, lies in the fact that, in contrast with the method

developed in 1, the value of each coefficient is derived from
one equation, and that value is independent of the degree of the

approximating rational integral function. In the previous
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method the coefficients were determined from a system of

linear equations, and adopted different values according to

the degree assumed for the rational integral function. It is

no difficult matter to prove by actual calculation that both
methods lead to the same rational integral function. If,

after determining the coefficients in the expression in terms
of spherical functions up to degree n, the result is arranged in

ascending powers of x, then coefficients are found identical

with those derived by the method of 1 for a function of the

same degree. The application of spherical functions implies
therefore merely a simplification in the mode of derivation

of the formula. The actual labour of calculation in both
cases is the same.
The evaluation of the integrals

+1

Pa .f(x)dx
j
-1

may be carried through by the method already explained by

determining the integrals xr
f(x)dx by summation or by

graphical processes, and from these constructing the integrals
-H

J
PJ(x)dx.

-1

4. HARMONIC ANALYSIS

If the given empirical function f(x) is periodic, then any
expression which is to represent it completely is itself of a

periodic nature. Let it be assumed that the period of f(x)
is 2n

;
in any particular case this can, of course, always be

arranged by a suitable and simple transformation of the inde-

pendent variable.

As approximating function, let an expression of the following
form be chosen :

(p(x)
=

a,! sin x -f a z sin 2x -j- . . . + an sin nx
4- & + &! cos x -f 6 2 cos 2x -f . . . + 6n cos nx.

The 2n + 1 coefficients aa and ba may then be derived from
the condition

27T
/

{f(x) q>(x)}
2dx = Minimum,
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which provides the 2n + 1 equations
2rr

I sin ax{f(x) <p(x)}dx
= 0,

127

cos ax{f(x) g9(#)}cfo
== 0.

. (a - 0, 1, 2, ... n)

Now when a
^jz ft

and

2rr

I sin ax sin /faefo
=

AH

I cos cue cos fixdx = ;

o

Moreover, in every case,

I sin ax cos fixdx
= 0.

o

On the other hand, when a = /?,

I sii

n

sm ax . sm ax = nt

cos cue . cos ax = n.

Hence the coefficients aa and ba are to be derived from the

following equations :

27T

aa
= sin ax .f(x)dx (a=i, 2, . . . n)

n J
o
27T

6a = cos cur .f(x)dx (a-i, 2, . . . n)

7T J
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When the function f(x) is provided in graphical form these

integrals can be evaluated mechanically, a large number of

instruments
j- having been devised for this purpose. These

are so designed that by making particular adjustments of the

mechanical parts in the case of each coefficient, and running
a tracing point over the curve /(x), the value of the coefficient

in question may be read off.

In the graphical and numerical methods of estimating the

coefficient aa and 6a about to be described, we assume that

f(x) is given at a series of discrete values through which a

curve may be drawn.
Let the period 2n be divided into 2n equal parts and suppose

f(x) is known at the points of section

n
X

i
^ .
- -l, 2, ... 2n)

Let %= /(*,).

We might, if we so desire, replace the foregoing integrals
for the coefficients by sums, a process that would be quite

legitimate in general, provided there is no violation of the

condition that over the range of summation no appreciable
fluctuations in value of the integrand occur.

In the present instance, however, the integrand contains

the factor cos ax or sin ax. On dividing the period into 2n

equal portions, then as soon as a is large enough (a > n) quite
considerable fluctuations in value of the integrand do occur

within the intervals. In this case, therefore, it is inadmissible

to replace the integral by a sum.
To simplify the procedure we may formulate our problem

in the following manner :

Let

2/i, 2/2, ... 2/2

be 2n given ordinates, and let

<p(x)
= &i sin x + a z sin 2x + . . .

+ b + &i cos x + 6 2 cos 2x + . . .

be the required approximating function. Instead of deter-

mining the coefficients so that

27T

Galle, Die mathematischen Instrumenten, p. 131.
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is a minimum, let them be determined so that the sum

satisfies this requirement.
If fp(x) is composed of 2n terms, so that there are n 1

coefficients aa (a = 1, 2, . . . n 1), and n -f 1 coefficients

ba (a
= 0, 1, 2, . . . n) then the sum S can actually be made

zero by an appropriate choice of aa and 6a ,
that is, by satisfying

the 2n equations :

y{
=

(pfa) -l, 2, ... 2n)

For multiplying these equations successively by sin(
a . i .

)

where i = 1, 2, . . . 2n, and adding, then the left-hand side

provides the sum

while the right-hand side gives simply naa in value of the

following relations, which can easily be verified ;

i-1

t=2n

. . cos

1" 1

in
(
a . i .

)
. sin

(
8 . i .

)
= 0,

\ n J \ n J

. / n \ / . n \
sin

(
a . ^ .

)
. sin

(
a . i .

)
= n

\ n J \ n J

This enables us at once to determine the n 1 coefficients of

the sine terms :

1 \1 . / . 7t\
aa
=

. y yi
sin

(
a . i .

).n 4~i \ n/ (a-1,2, . . . n- 1

To evaluate the n + 1 coefficients of the cosine terms we

multiply the 2n equation
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in succession by cos ( a . i .
-

)
and obtain on the left-hand side

the sum

co.

For the addition of the terms on the right-hand side, the

following relations have to be introduced :

i=2n

cos

(
a . i . ) .coQ[B.i. J

=
(at/s)

V w/ v /

/ . n \ / . n \
[
a . ^ . jcos ( a . . - - )= (a> n),

V W \ l/

-J-)
cos

(a
. i .

)
= 2i. (.-,.

These enable the coefficients 6a to be determined from the

equations :

i=2n

^- COS ( a . i .
-

, (-l, 2, ... n-1.)

i=2n

=i
i=2n

The same formula, as far as the coefficient bn of the nth cosine

term, would have been derived if the previously obtained expres-
sions in terms of integrals had been converted into sums.

We have thus found from the foregoing analysis an approxi-

mating function <p(x) which actually assumes the 2n given values

yi of f(x). If terms corresponding to aa and 6a with index a

higher than n 1 and n respectively had been assumed

present, no alteration in the foregoing analysis would have

resulted, since these terms would be zero at the 2n given

positions x ='.-. If, in fact, 2n values only of the function
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are given, there is no point in supposing a ^> n 1 in the case

of aa or a^>n in the case of ba . The calculation of the 2n

coefficients completely solves the problem.
The question has consequently been reduced to the evalua-

tion of the foregoing sums, and for this two methods, one

graphical, and the other numerical, will be described.

1. To carry through this sum graphically the 2n given
ordinates y l9 y^ . . . y 2n are measured off one after the other

on a horizontal line, so that the starting-point of the one

coincides with the termination of the previous ;
the ordinates

yk are measured to the right when positive and to the left

when negative. Through the ends of each of these lines

vertical lines are drawn, which are numbered consecutively.

Through the point on the horizontal line, a perpendicular

is drawn upon which the values of sin fp .
-

J
are drawn

(fj,
=

1, 2, . . . 2n) in terms of a selected unit of length, all

measured from 0, upwards when positive and downwards
when negative. At the terminal points of these distances the

corresponding values of // are written. On the horizontal

line again a point P is taken to the left of and distant from it

the length taken as unit in setting off the values of the various

shies. The point P is then joined to the ends a of the various

distances marked off on the perpendicular through 0.

To determine the coefficient aa ,
a line is drawn through the

starting-point of the distance y lf parallel to the ray from P
to the point a, that is, parallel to the line joining P to the

point bearing the number p = a in the perpendicular through
0. This parallel cuts the vertical line drawn through the

terminal point of yi in a point whose distance from the hori-

zontal line equals y^ sin (a .
- \ This determines the first

term of the sum. Through this latter point a parallel is now
drawn to the ray P(2a), the line joining P to the point bearing
the number fi

=
2ct, and this parallel cuts the vertical line

at the terminal point of i/ 2 in a point whose distance from the
horizontal is

. / n\ / 27i\
2/j sin

(
a .

-
) + 2/ 2 sin

(
a .

).
\ n/ \ n /

This process of drawing parallels to the rays is continued.
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The last point of the sides of this polygon which is thus formed,

lying on the vertical through the terminal point of y 2n ,
is

distant from the horizontal line an amount which exactly

represents the sum required, that is to say, when multiplied

by -, it provides the coefficient aa . In Fig. 24 the penciln
of rays at the point is drawn for the case 2n = 16, and the

sides of the polygon are partially drawn for the determination

of a 8 .

To find the coefficient 6a ,
an identical process is followed,

and the same pencil of rays from P may be used. The terminal

3(15)

2(14)

0(1*)

\

IB (H)

14 (JO)

11& (9)

FIG. 24.

points of the distances measured off along the vertical through
must, however, be differently numbered, such that the lengths

may represent cos (a .
-\ This implies that instead of the

IY1

numbers a there must be substituted a.
2i

The coefficient 6 is the arithmetic mean of the y ordinates

and therefore it is represented by times the distance of the

origin of yi from the terminal point of y^.
The coefficient bn is determined in the same manner as an

except that the sum of the various terms must now be multi-

Plied by 1>



EMPIRICAL FUNCTIONS 133

To facilitate the drawing of parallels to the rays from

P, to render their drawing in fact superfluous, use may be

made of a
"
direction scale." This consists of a ruler (see

Fig. 25), whose lower edge, which is rectilinear, rests in contact

with the edge of a T-square, while the upper edge consists of

a series of lines parallel to the pencil of rays. For the case

2n = 16, such a scale is already on the market. The separate

segments of the scale bear numbers indicating the values of

the appropriate sines and cosines marked in different colours.

To use this instrument it is merely necessary to step off the

ordinates on the horizontal edge, and to erect perpendiculars

1 (3)

1(13)

9 (5)

tifitf

FIG. 25.

through the terminal points. The separate coefficients can
then be at once read off.

The same method may be applied to draw the curve corres-

ponding to a function :

y = a t sin x -{- a 2 sin 2x -f . . . + an sin nx

+ b -f b l cos x -\- 6 2 cos 2x + . . . + bn cos nx

when the coefficients are given. For this purpose it is necessary
to evaluate the function at n points in the period, and to con-

nect these with a curve. In this case all the coefficients a<

and 6f must be stepped off successively along the horizontal

line and the ordinate ya will be found from

/ 2n\ / 2n\
ya
= a 1 sin

(
a .

)
+ a 2 sin

(
2a .

)
+ . . .

\ n / \ n /

60+6, cos (a .}+ b, cos (2a . } + . . . ,

\ / V n J

by drawing the sides of the polygon again parallel to the pencil
of rays, using the

"
direction scale." The order in which the

coefficients a
t ,

b
i
are to be set off is as follows :

a lf bi, a z , 6 2 , . . . an6n ;
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and on drawing the parallels to the pencil, the lines of the

latter corresponding alternately to the numbers denoting

sines and cosines must be used.

2. For the numerical evaluation of the sums

(t-1, 2, ... 2).

it is advisable to take n even since the functions of the angles
in that case assume the same values in each quadrant apart
from sign, thus reducing the number of multiplications 75

per cent.f
For 2n = 12 the twelve given ordinates y lt . . . ylt are

written down in the following manner where the given set of

ordinates is
" doubled back " and the sums and differences

of corresponding ordinates calculated. Thus

Ordinates
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Since I2b is the sum of the ordinates we find

126t =Vi +V1 +V,4-Vs.

For 126 ,
on the other hand,

126, = V + V2
-

(V, + V,).

The term 6j is then to be derived from

6&! = cos 0(2/12
-

y.) + cos 30 . {y, + 2/n
-

(y*
-

2/7)}

+ cos 60 . {y 2 + t/ 10
-

(t/4 -f y*)}.

Using the expression for V, this takes the form :

G&j = V ' + V/ cos 30 + V,' cos 60.

In this manner all the coefficients of the cosine terms can be

expressed in terms of the V's and the sine terms by U's, so

that the validity of the following scheme is easily proved :

Given

Ordinates
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2. Sine terms : a l9 . . . a 6 .

Sum

Difference

U, U,

U,'

sin 30 = i
= 0-5



EMPIRICAL FUNCTIONS 137

In the same way from the coefficients a lt . . . a 5 we get the

quantities

2 2
'

These are then to be compared with the values derived by"
doubling back "

the original ordinates.

This process likewise enables us to evaluate with compara-
tive ease the twelve values y i9 */ 2 > ... y12 of the function,
when the twelve coefficients are given :

y ! sin x + . . . + s sin 5x

-f&o + &i cos x + + 65 cos 5x + &e cos 6#.

The following relations may be used as a general check on
the accuracy of the calculations :

2^ 2 + ^i
2 + + ^5

2 + 2w6
2

= 3 . {2 . (6a )

2 + (Qa,Y + . . . + (6a 5 )
2 + 2 .

and

V + . + = 3 .

6. GENERAL REMARKS REGARDING APPROXIMATION

Trigonometrical functions and rational integral functions

are not the only forms in which the approximation to empirical
functions may be expressed. Any other type of function may
in fact be chosen provided it contains a number of arbitrary

constants, p^. If such a function be <p(x, Pi, p t ,
. . . #n),

and if the empirical function it is to represent be given by /(#),
then the conditions to which 99

is to conform following the

methods already used are those required to make

M f {/(a?)
-

<p(x, p 1} ^ 2 , ... Pn)}
2dx

a minimum
;

that is to say, the n partial differential coeffi-

cients -r - must be equated to zero, but in general, of course,

these will not yield linear equations for the parameters p^.
The value derived for M may be utilized as a measure of the

extent of the approximation, and especially it may be used to

compare the degrees of approximation furnished by two
functions <p(x) of different types.



CHAPTER IX

SOLUTION OF EQUATIONS

IN
this chapter it is proposed to deal with algebraic and

with transcendental equations, and no distinction will

be drawn between soluble and insoluble equations, a dis-

tinction based on the possibility or otherwise of expressing
the roots of the equation in a particular form. To the practical

computer this point is immaterial, his whole concern being to

evaluate the values of the unknown roots to a sufficient degree
of accuracy in the form of a decimal fraction.

Systems of linear equations of several unknown variables

will be dealt with in the first instance, as these play an import-
ant part in the process of combination of errors. For this

reason the general principles of solution of such linear systems
will be applied in illustration to that process.
For the solution of algebraic equations of the nth degree

Graeffe's method will be developed later in the chapter. This
method enables all the roots of the equation to be evaluated

;

if, however, only particular roots are desired, it is advisable

to adhere to the method developed at the end of Chapter III

for rational integral functions. The chapter concludes with
the approximate solution of transcendental equations of

one or more variables.

1. SYSTEMS OF LINEAR EQUATIONS WITH SEVERAL UNKNOWN
QUANTITIES

Let there be given a system of r linear equations for the r

unknown quantities x, y, . . .z:

a^x + by -\- . . . -f m^w + n i2 + <^i
= 0>

a zx -f b 2y + . . . + m 2w -f n 2z + d z
= 0,

aTx + bry + . . . + mTw + nTz -f dr
=

0,

where the coefficients a i9 . . . dr are real numbers and the

determinant
|
a

1?
. . . nT is different from zero,

138
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The solution of the equations can of course be expressed
in determinantal form, but in practice the calculation of the

values of the determinants for a large group of equations

presents such formidable difficulty that little use is made of

this form of solution. It is better, in fact, to adopt a process
of eliminating the unknown quantities successively from the

equations. If, for example, the first pair of equations be added

after multiplying the second by ---
1
then an equation is de-

n t

rived which no longer includes the unknown z. The first and
third equation may then be added after multiplying the latter

by and another equation is derived free of the quantityn 3

z. By this process a system of r 1 independent linear

equations is derived from the ^original r equations, and these

now involve only the unknown quantities x, y, . . .w.

The new system of T 1 equations is treated in identical

manner by eliminating another variable and a new system of

T 2 equations derived. By continuing this process there

remains finally two linear equations in two unknown quan-
tities :

a,
fx + b.'y + d,

f = 0,

a 2'x + bjy + dj = 0,

from which, by the same process, we derive the equation :

By means of the value of x thus found, y is immediately evalu-

ated from one of the equations involving only x and yy
and thus

step by step the other unknowns are at once calculable.

While the foregoing process is in essential principle exceed-

ingly simple, in actual practice much difficulty may frequently
be avoided in the calculation by noting certain points. In
the first place, there is no necessity to write the actual symbols
for the unknown quantities more than once, the coefficients

alone being written in the appropriate position ;
that is to say,

a separate column is set apart for each unknown and only the

coefficients appear in the equations.
To avoid errors in calculation during the elimination of

each unknown it is advisable to set down alongside each equation
the sum of the coefficients
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and to deal with this sum as if it were a coefficient. In deriving
a new equation from two others, then, the sum of the coefficients

of the former must be obtained from the sums of each of those

of the latter by applying to them the same process as is applied
to the individual coefficients.

The validity of this in general will become apparent by
illustrating with two equations only :

To the right of each equation is placed the sum of the coeffi-

cients. On eliminating y from the two equations by multi-

plying the second equation by
* and adding, we find

02

V
-

2/
2 '

62

"

The sum of the coefficients of this equation is

6i\ 6,

and in point of fact exactly the same expression is derived

when the sum of the coefficients of the second equation is

multiplied by r^ and the result subtracted from the sum
fri

of the coefficients of the first equation. The slight amount of

extra labour involved in calculating these additional quantities
is amply rewarded by the continuous control exercised as a

consequence over the arithmetic.

The elimination of a variable from a set of two equations,

a& + b$ + dz + di = 0,

a zx + b 2y -f CzZ -f d a
= 0,

can be effected with particular ease if the accuracy demanded
admits of the use of a slide-rule. For example, if it is proposed
to eliminate z between the foregoing two equations, the slide-

rule is so set that c 1 on the rule coincides with c a on the slider.

The numbers a z ,
b 2 ,

and d 2 on the slider will then correspond

to (a z . j, (b z . V and fd2 .
}
on the rule, and these

V c 2/ \ c 2 / \ c a/

may therefore be read off at once to provide the new coeffi-

cients. For the setting of the slide-rule the following simple
direction is to be observed :
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The slider should be set so that c 2 is transformed into c^

(i.e. G! and c 2 coincide), then the coefficients a 2 and 6 3 will be
transformed into the coefficients of the equation which is to

be subtracted from the original equation.
A considerable degree of arbitrariness is involved in the

process of elimination in the selection of the pairs of equations
from which a variable is to be eliminated. The sole restriction

is that the final system of equations shall be linearly indepen-
dent. In the second place from the two equations, for

example,

a^x -f b^y + d 1

a^c -f b$ + di = 0,

it is possible to derive an equation involving x alone, by two

separate processes : the first may be multiplied by - =~
i

and added to the second, or the latter multiplied by -

02

and added to the first. If b^ and 6 a are widely different in

value it is best to work with the smaller of the two multipliers

7-
1 and T-

8
. If, for example, ^ is the smaller, then the equation

6 2 &! 0,

found for x is

the products a z . ^ and d z .
~

being in general small in com-
o 2 a

parison with a x and d^. It would suffice, therefore, to determine

these products with less relative accuracy since their first one
or two figures only will enter into consideration. As an
illustration of this point, suppose we have the two equations

9-2 - 52-3 - 35-0 =
3-4 1-2 7-1 = 0. .

1*2
In the elimination of y we may multiply the first by ^-^oZ'o

52-3
or the second by -r-^

and then add. In the former case, to

determine x correct to one place of decimals, it would suffice
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to effect the multiplication mentally by . In the second
oU

instance, however, even the "ordinary slide-rule is no longer

sufficiently accurate to give certainty to the first decimal place.
The observance of this rule, to multiply always with the smallest

possible factor, is of vital importance when the coefficients of

a system of equations are known to a limited degree of accuracy
only, the case of most frequent occurrence in practice. For
this purpose it is essential to keep a systematic check on the

accuracy of all figures used in effecting the calculation, in order
to be able to estimate what degree of uncertainty is involved
in the final result; as a last check and a measure of the

accuracy of the result, of course, the values of the unknown
quantities.

2. THE COMBINATION OF EQUATIONS BY THE METHOD OF
LEAST SQUARES

The solution of systems of linear equations plays an important
part in so-called " combination

"
of equations and observations.

The principle involved is best exemplified by means of an

over-specified system of linear equations.
Let it be required to determine two unknown quantities

x and y by measurement, but that it is impossible to obtain

them directly. Each measurement, let it be assumed, deter-

mines for us not x and y, but the quantity d
i
in the linear equa-

tion

a
t
x + by + d

t
=

where a
i
and b

i
are known constants. If two values d^ and

d 2 are observed corresponding to known values a 1? a a and

&!, 6 a of the constants a and 6, then x and y may be found
from the equations

1) a& + b$ + di =
2) a?x -f b zy + d z

= 0.

It is clearly inadvisable to limit the number of observations

simply to two. Let there be in fact n such observations leading
to n equations for x and y :

1) 0,0 + b$ + d l
= 0,

2) a& + by + d 2
= 0,

3) a*x + b zy + d, = 0,
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If the measurements were absolutely correct, then any two
of these n equations would suffice to determine the values of

x and y, or in other words one pair of values of x and y would

satisfy all the equations. Since, however, errors of various

types are necessarily associated with each measurement, the

equations will not all be satisfied exactly by one pair of values

of x and y. If all the measurements can be regarded as

equally trustworthy, the question arises, What is the most
suitable choice of x and y to ensure that all these equations
are as nearly as possible satisfied ?

The answer is as follows :

Replace x and y in the equations 1) . . . n) by two numbers
x and y. The equations will not all be satisfied

;
the left-hand

side of each equation will give a value differing from zero.

Writing these numbers <5i, <5 2 , . . . dn ,
we then have the follow-

ing system :

b sy -f d 3
=

dn = dn .

Let the quantities x, y be so determined that the sum of the

squares of the deviations of the equations from zero,

V + <5 a
2 + <5 3

2 + . . . + <3n
2

,

is as small as possible.f
To determine these values of x and y, the values of d

r
on

the right-hand side of

S =V + <V + <5 3
2 + . . . + <V

must be replaced by their expressions in the system of equa-
tions.

Thus

S = (a& + b# + d,Y + (a& + b zy -f- d t)* -f . . .

is now a function of x and y.
That this may assume a minimum value for some choice of

1Q Q
x and y, the partial differential coefficients -= - and -=

- must
dx dy

f Hence the expression method of least squares.
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be equated to zero. This determines two linear equations
for x and y, viz. :

. i t . . . 1 t . . . +anbn)

+ (Mi + Ma + . . . + X) =
1 /S^\

__
.
_ = x(a lb 1 + aj) 2 + . . . + anbn )

+ 2/(V +V + . . . + & 2
) + (Mi + Mi+ . . . +MJ = o-

By the solution of these normalized equations all the

measurements are taken into consideration.

The extension of this process to linear equations of more
than two unknowns is evident. It will be easily seen that the

foregoing method applied to the case of one unknown quantity
leads to the arithmetic mean of the values derived from each
of the constituent equations. The application of the method
to non-linear equations will be reserved for later discussion,f

3. SOLUTION OF ALGEBRAIC EQUATIONS. GRAEFFE'S
METHOD

For the solution of equations of higher degree of the type

anx
n + an_ix

n - 1 + . . + Oi + flo
=

two methods are specially worthy of consideration.J The
one set out in Chapter III is based on the principle of deter-

mining the roots singly by obtaining initially a rough approxi-
mation to one of them and then by a certain systematic

process gradually modifying this value to give any desired

degree of accuracy. The method there adopted Newton's
method of< successive approximation can also be applied to

trancendental equations and non-linear equations with any
number of unknowns. This will be dealt with in 4 and 5.

For the present it is proposed to develop the second process,
the so-called Graeffe's method. By this means, without the

necessity for discovering any rough approximation to the

roots, all the roots of the equation, including the imaginary
roots, will be found. Which of the two methods is most

t See p. 163.

j On the graphical solution of algebraic equations, see Chapter III,

p. 57.

On the solution of cubic equations by means of the slide-rule, see

Chapter II, p. 24.



SOLUTION OF EQUATIONS 145

suitable of application can easily be settled in any particular
case.

The idea of Graeffe's method is as follows :

The roots of the equation

g(x) ~anx
n

-f a^iX*'
1
-^ . . . -f Q>& 4- a =

will be assumed all real and distinct, and let them be x lt x t ,

Xt . . . xn , where

I
xi

| > |
#1 I >

|
#3

| >
| %n |.

Now it is easy to determine another equation g^(z)
= from

g(x) whose roots are the squares x^, xf, . . . xn
2 of the

roots of the given equation. <7i(z), consequently vanishes when
the argument z assumes the values xf, z a

2
,

. . . xn
2

. In the

same way an equation may be derived whose roots are the

eighth, sixteenth powers, etc., of the roots of the given equation.
Now, the further one proceeds in the derivation of these

equations, the more are the roots separated. For if the

absolute value of the quotient of two successive roots #x and

#A+I f the original equation is set equal to r so that

^A

SA-H

then the corresponding ratio for the equation whose roots are

the 2
v

th powers of the original roots is T?
;

since r is greater
than unity this may be made as large as we please by making
v sufficiently large.

Suppose the equation whose roots are the 2"th powers of the

original roots is

pnwn +pn _ l
wn~ 1 + . . . -f Piw + Po = 0.

If wn ,
wn, 19 . . . Wi are the roots of this equation, then we must

have the identity

(w Wi) . (w w 2)
. . .(w wn_l)(w wn)

Pn Pn Pn Pn
'

On multiplying out the left-hand side we find, for the sum of

the roots,

79

MI -f w* -f . . + wn
= - ^

10
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the sum of the products of the roots in pairs

the sum of the products taken three at a time is -

and so on.

Now, if v has been taken large enough, then the largest

root w1 is very much greater than the next w z and those still

smaller. As a consequence, in the sum w^ + ^ 2 + + ^n

the partial sum w 2 + + wn *s negligibly small compared
with wlt so that to a comparatively small error we may write

.

Pn
In an analogous manner it may be concluded that the term

WtWi in the sum w w 2 + w w& -j- ... is large compared with

the sum of the remaining terms, and accordingly it is legiti-

mate to write

Pn

and similarly, when w s is the third highest root,

pn

and so on.

By dividing each of these equations by the corresponding
terms in the preceding one, it follows that

IP -^=1
p.'

etc.

Thus, on the assumption that v is chosen large enough, the

roots of the equation

pnwn +2V. 1wn- 1 + +Piw +p =
where w = x v can be evaluated with extreme rapidity. The

point may be very clearly expressed by stating that this
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equation is reducible to a row of n linear equations obtained

by combining every successive pair of terms in the equation ;

thus

l
w*- 1 = 0;

Plw -f Po = o.

or

pnw +pn-i
=

; pn-iw + pn-z
=

; P&> +PO =
-

Since the absolute values of the roots w l9 w z ,
. . . wn are equal

to the vth powers of the absolute values of the roots of the given

equation, we are in a position to fix directly the absolute values

of the original roots. For the determination of the sign that

must be prefixed to each root the simplest procedure is to

follow Homer's method, testing by inserting the values into

the equation.
The construction of an equation whose roots are the squares

of the roots of a given equation g(x)
= is effected by multi-

plying g(x) by g( x) and arranging the product g(x) .g( x)
in powers of x. The integral function of x thus derived con-

tains only even powers of x since it is unchanged in value on

changing the sign of x. A new variable z = x 2 may accordingly
be introduced, and a new function of the nth degree in z thus

derived, </i(z), which vanishes for z o^
2

, x,
a

,
. . . xn

2
. In

like manner from the function g^(z) a new function g 2(u) may
be derived whose roots are the squares of the roots of g^z) = 0,

and consequently the fourth powers of the roots of the original

equation g(x)
= 0. In the same manner the higher equations

are determined.

These successive multiplications are most conveniently
carried through by following a systematic plan, which is best

illustrated by the numerical examples which follow. Instead
of entering into further detailed general explanations, all

considerations will be discussed in the treatment of these

examples. In addition to the setting out of the systematic
scheme for the calculation, the following queries still remain
to be answered : How far is it necessary to proceed in the

determination of the successive equations ? How is the process
affected by the presence of complex roots ? How is the sign
of the root best determined, since the method yields only the
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absolute value, and finally what control can be exercised over
the accuracy of the calculation ?

As a first example consider the equation of the third degree

xs 6z 2 + llx 6 =0
whose roots are 1, 2, and 3.

In the calculation only the coefficients are written down,
omitting the variables, so that the equation is represented

by the numbers in the first line of the plan which follows.

Since exceedingly large numbers are obtained in the successive

operations, it is very important to write them so that use is

made of a decimal fraction with only one figure before the

decimal point, while the power of ten with which it is to be

multiplied is written above as an index. Confusion with one

power only of the decimal is not possible. The given equation

g(x) is first to be multiplied by g( x) or, what amounts to

the same thing, g( x). The one or the other method is

adopted according as the equation is of even or of odd degree, to

ensure that the first term of the new equation becomes positive.

(1) T -6 +11 -6
(2) + + + +

(3) 1 - 3-6 1 + 1-21 2 - 3-6 1

(4) 2-2 1 - 0-72

(5) "1 - 1-4 1 + 4-9 1 - 3-6 1
(2 Powers)

- 1-96 2
-f 2-403 - 1-30 3

+ 0-98 - 1-01

1 _ 9.31 -f 1-393 - 1-303
(4 Powers)

- 9-61 3 + 1-936 - 1-696

+ 2-78 - 0-25

1 - 6-83 3 + 1-686 - 1-696 (8 Powers)

1 _ 4-677 + 2-82 12 - 2-86 12

+ 0-33 - 0-02

1 - 4-347 + 2-80 12 - 2-86 12
(16 Powers)
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- 1-88 15 + 7-85 24 - 8-19 24

+ 0-006 0-0002

1 _ 1-87415 + 7-85 24 - 8-19 24
(32 Powers)

log 8-19 24 = 24-9133

log 7-85 24 = 24-8949

log 1-874" - 15-2727

Difference

9-6222

15-2727

0-00057

0-3007

0-4773

x l
|

= 1-001

a?,
|

- 1-998

x = 3-001

In the multiplication it is sufficient to indicate the sign of

g( x) in one line (2) ;
so that the signs of the terms of

even powers in the original equation are to be reversed.

The multiplication of g(x) by </( x) is effected in

such a way as to give the result arranged in consecutive powers
of the variable. Line (3) consists of the squares of the terms
with the proper sign attached. To the term in x a there is

still to be added twice the product of x9
by llx. Similarly

- 2 x 6z 2 x 6 is to be added to the term in x. These double

products are set out in line (4). With equations of higher

degree than the third, further terms enter into the product
(see next example).
On line (5) by addition the coefficients are derived for the

equation whose roots are the squares of those of the original

equation. An identical process is carried through with this

equation to that conducted with the original, and so on. A
survey of the steps in the calculation shows that the effect

of the double products on the terms involving them become

consistently smaller compared to the squared terms involved.

The calculation has been conducted by means of the slide-rule,

and the figures are therefore accurate to about -5 per cent.

For the construction of the last equation for the roots raised

to the 32nd power, it is evident that the values of the squared
terms is no longer affected to this degree of accuracy by the

double products. This is the sign that the calculation of equa-
tions should be discontinued, as a continuation of the process
can only lead to the same values of the roots.
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For if we take the equation for the 32nd powers, viz.

(x)* - a z(x) 2 + a,(x^)
- a = 0,

then the given method of approximation gives as the values
for the roots

32 /

I
*i

I

== V
32 Aix z

=
'V a t

I r I __ 32 Ao
y

Since the double products no longer affect the coefficients,

the equation for the 64th powers becomes

from which exactly the same approximate values are derived

for the roots as from the previous equation.
The essence of this may also be stated as follows : after a

sufficiently large number of steps, the vertical columns no

longer affect each other in the construction of new equations.
In the actual process of calculation, the equation separates

up into its set of linear equations
s\ fixvi f\

where

v being equal to 32 in the example. To determine the absolute

values of the roots from the coefficients of the last equation,
a sufficiently accurate logarithmic process is adopted, the items

being set out on the table under the equations.
In one column are the logarithms of the coefficients of the last

equation, beginning with the constant term, and in the next

column the differences of these logarithms, that is to say, the

logarithms of the vth power of the roots. The third column
is obtained by dividing these by v = 32, and the last column,

consisting of the antilogarithms of these, give the absolute values

of the roots.

To determine the sign of the roots, they are inserted ten-

tatively into the given equation after the manner of Homer's
method. Simultaneously a control on the accuracy is effected,

and by further calculation following Horner's method (see

p. 50) the accuracy may be increased to any desired extent.
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It appears advantageous consequently to carry through
Graeffe's process by means of a slide-rule, even when greater

accuracy than -5 per cent, is sought for.

The process followed in Graeffe's method when the given

equation has complex roots may best be illustrated by a further

example.
Consider the equation of the fifth degree :

- 36 = 0.

The constructions of the equations with roots of higher powers
is carried through exactly as before, except that in each central

column two product terms (each multiplied by 2) enter. This

arises in the case of the 6th power of x, for example, from the

fact that the terms constituting the latter are derived from
the squares of #3 and the products X* x x 2 and x 5 x x.

12 - 1 - 1-9 1 5-3 1 - 3-6 1
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+ -f + + + +

- 1-570 16 1-098 28 - 6-973 9

0-209 - 0-665 1-72

6-4349 - 6-3549

*

1 - 1-361 15 4-33 27 -5-2539 6-4349 6-3549
(32 P.)

4- + + + +

1 - 1-8630 + 1-8855 - 2-7679 + 4-1599 - 4-04

-f 0-009 - 1-42 +0-06 *

* *

0-4655 -2-7079 + 4-15" - 4-04" (64 P.)

Coeffi-

cient
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the practical standpoint, let us derive the equation as far as

the 128th powers.

1 _ 1-8530 + 0-4655 -2-7079 +4-15" -4-04" (64 P.)

f-f + + + +

1-3.4360 + 2-12 109 -7-30 158+l-72 199 -l-73 199

* - 10-00 * *

* *

1 - 3-4360 - 7-88 109 -7-30 158 +l-72 199 -l-73 199
(128 P.)

Here all the product terms have become negligible with one

exception, viz. in the third column from the left, where the

squared term 2-12 109 and twice the product 1-8530 x 2-7079

gives 10-00 109
. In this column the first product still effects

an influence on the result. On continuing the calculation,

moreover, it becomes clear that in this column the product
of the coefficients of the neighbouring columns becomes of

the same order of magnitude as the squared term.

The calculation thus differs essentially from that carried

through in the first example. In the latter case, by proceeding
a sufficiently large number of steps, the vertical columns

ultimately did not affect each other and the equation separated

up into as many linear equations as there were roots. Here,

however, one column (the third) is continuously affected by
the quantities in the two adjacent columns. This is the test

for the occurrence of two complex roots.f In this case not

merely do linear equations separate out, but also a quadratic

equation. This method of expressing what occurs may be

justified by the following consideration.

Let the equation with the 64th powers of the original roots

be

z 5 a4z
4 + a 3z

3 a tz
2 + <*>& a = 0,

where a 4 ,
. . . a are inserted for the coefficients and z = #* 4

.

Now, however, the equation for the 128th powers of the roots

has its coefficients constructed not simply of the squares of

the previous coefficients as in the first example, but contains

additional terms as follows :

(z
2
)
5 - a 4

2
(z

2
)
4 + K 2 ~ 2a 4a,)(z

2
)
3 - a 2

2
(z

2
)

2

+ a!
2z 2 -a 2 = 0.

t For a proof of this statement see C. Runge, Praxis der Gleichungcn,

Leipzig, 1900, p. 157.
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Calculating three roots in the same manner as before, from

neighbouring columns which do not affect each other, that

is, from the first, second, fourth, fifth, and sixth columns, we

get both from the 64th and from the 128th power equations

z 0,4
= a^4 4 =0,

a az + i
= a a#64 -f di = 0,

ajZ a = ai#
84 a =0.

By further continuation of the process, therefore, the same
values for these three roots are always obtained. Three

linear equations have thus split themselves off. It is, however,

obviously inadmissible to calculate the remaining roots from
the corresponding equations,

-
ttfZ -f a s a 4

64
-f a z

=
0,

+ a 3z a a
= a 8#84 a a

=
0,

since, as one proceeds further in the construction of the higher-

power equations, the successive roots derived continue to differ

widely from each other on account of the fact that the coeffi-

cient corresponding to a, does not change simply by being

squared. If, on the other hand, the second, third, and fourth

terms of the equation whose roots are the 64th powers of the

original roots are combined together to furnish the quadratic

equation

ap* -f a 3z a a
==

with roots z-^ and z a such that
64. 64.

|
* s

|

= ^Zl,
| |

= ^Z a ,

and if these roots be taken as providing the remaining roots

of the original equation, then when the corresponding three

terms are associated together in any of the successive equations
formed for the 128th, 256th, etc., powers, the same values of

the two roots will always be obtained. For consider the

quadratic equation derived from the equation of 128th powers,
- a 4

2
(z

128
)
2 + (a s

2 - 2a 4a 2)z
128 - a,

2 = 0.

This equation is derived from the foregoing

-a*^64
)
2 -M sz64 -< =0

by multiplication with the equation

M*64
)
2 +a ax* +a z =0.

The roots of the product of these two equations are, however,
the squares of the roots of any one of them, and consequently
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the new equation must lead to the same original roots. The
roots Z! and z a of this quadratic equation, and consequently
x t and x % of the original equation, are in actual fact complex.
The evaluation of the roots of the complete equation with

64th power roots is effected, as far as the real roots are con-

cerned, in a manner identical to that employed in the first

example. The absolute values of the real roots are thus

1-000,
4-15"

*^ = 2-067,
2-707

64,
I ~ I V l .QK30 9.Q71
*l/j

J. OJ iavlit

On testing these values in the original equation, the signs
are adjusted as follows :

x 1
= 2-971,

Xt == - 2-067,

a;6
= - 1-000.

The complex roots

x t u + iv,

# 8
= ^ iv,

are to be calculated from the quadratic equation
- l-SS30^64

)

2
-f 0-4655

(z
4
)
- 2-7079 = 0.

Since

and
2-7079

!+- 4 / f^C: = 5-864.V 1-8530

Also the sum of the five roots must equal minus the coefficient

of <c
4 in the original equation, i.e. 2. Hence since

x 1 + 2u + x< + x6
= 2,

u = J[
- 2 - (*! + a?4 + *.)

and

v = V(l +u)(l -u).
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Thus the complex roots are also determined. The complete
calculation can be carried through continuously and can be
effected in about three-quarters of an hour. Should double
roots arise then corresponding to each such pair, a quadratic

equation with two equal roots separates out and the calculation

follows on the same lines as in the example just treated. The

imaginary portion v in such a case comes out zero.

4. SOLUTION OF TRANSCENDENTAL EQUATIONS. NEWTON'S
METHOD AND THE METHOD OF ITERATION

1. For the evaluation of the roots of a transcendental

equation f(x)
= 0, it is advisable in the first instance to

obtain an idea of the general variation of the function y = f(x)

by sketching a rough graph and thus determine an idea of the

approximate position of the real roots. If the values of the

function f(x) are calculable from the argument x with compara-
tive ease by the use of sufficiently accurate tables (as, for

example, with f(x) = x log x c), then values xt and x 2 of

x may be sought whose interval may be systematically nar-

rowed, such that

yi=/(*i)>o
2/a =/(*,)< 0.

If the function is continuous in the interval, the root then lies

between x^ and x t ,
and these may be brought sufficiently

close to provide any desired degree of accuracy. Finally,
a method of linear interpolation may be applied to determine

the value of the root Si from the values (a^) and (x zy 2 ) by
using the equation

2. If the calculation of the function f(x) is beset with

difficulties, and use may not be made of tables, then Newton's
method may be successfully applied. In the first place, a

rough approximation is obtained to the root of the equation

f(x)
= 0. Such approximate values are often suggested by

the actual problem itself
;

otherwise they are to be derived

from a consideration of the general shape of the curve of the

function y =f(x).

Accordingly let f(x^ = e lt where e l is a small quantity.
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Developing the function f(x) at the point x = x v in powers of

h == x xlt we find

Equating this power series to zero, this provides us with an

equation for h from the root of which the root of the equation
f(x) may be derived in virtue of the relation x = x l + h.

Since x^ is presumed to be an approximate value of the root

of f(x)
=

0, then x x^ = h must be small and in most cases

(in so far as the higher derivatives are not large compared to

the first) the power series may be terminated at the linear

term
;

for h, therefore, we have the linear equation

=
e, + hf

f

(Xl )

h - *'

/'(*!)'

Taking this quantity as a correction to the approximate value

a?i, we have an improved value to the root x t
= x^ + h,

which, if the accuracy is not sufficiently great, may be treated

in exactly the same manner as the first approximate root.

The repetition of this process will yield a value of the root-

to any desired degree of accuracy.
The final value may sometimes be derived with greater

rapidity by taking into account the quadratic term in h in

the expansion

and in some circumstances even the term of the third order.

Such cases will arise when the higher derivativesf'(x) and/'"(#)
are easily evaluated.

To take terms of higher order than the first into considera-

tion, the correction h ly which has just been obtained from the

linear term in the expansion, is evaluated, viz.
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Now writing the equation for the correction h in the form

and inserting the approximate value 7^ = f* into the

right-hand side of this equation, a value /& a is obtained which
is a better approximation than /^.f Should a still more accur-

ate value of h be required, then this value of h t may be inserted

in the right-hand side of the last equation, and a new value

h s derived. Finally, two consecutive values of h calculated

in this manner will be undistinguishable from each other within

the limits of the desired degree of accuracy. This process

is, however, only justifiable if it is possible to assume that the

remainder in the Taylor's expansion is negligible compared
with the terms included in the calculation. As a check the

more accurate value x l + /, should be inserted in the equation

f(x)
= to determine whether it is sufficiently accurate.

3. A very simple method of calculation (the Principle of

Iteration) can be applied to the solution of an equation f(x)
= 0, if it is possible to throw the latter into the form x = <p(x)

and provided the differential coefficient of 93(0;), viz. <p'(x), is

small in absolute value, certainly less than unity, in the

neighbourhood of the zero point sought after. On this assump-
tion it is possible to obtain from any approximate root xt

an improved value # a for the function f(x) by inserting x^

in y(x) and writing ic a
=

<p(x^. A still better value x 9 may
be derived from x3

=
<p(xj), etc.

If is the root of f(x)
= sought for, then

Then by subtracting from this equation the relation

-
9?

Now if x 1 lies in the neighbourhood of f , then the right-hand
side may be written approximately

f The principle upon which this method is based will be discussed

in the succeeding section. It has also been applied on page 50.
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Hence

S-x*

from which it follows, since
| <p'() | <[ 1, that

1
1 # a

| <[ | ajj,

showing that # a is a better approximation than o^.

This Principle of Iteration has already been applied to the

solution of equations of the second and third degree in previous

paragraphs. If it is known that the root of an equation of

the third or higher degree is small in absolute value compared
to unity, then the equation

may also be written

x =

If x is small enough, then the differential coefficient of the

right-hand side is also small, and the method of iteration may
be applied, giving 'as a better approximation x t to the root of

the equation

x* =

calculable from a given value x lt

Example. Evaluate the real root of the equation x = cos x to

four decimal places.

(a) By the use of tables.

By means of the following table giving the cosines of angles, the

latter expressed in decimals

X
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we find x 0-7391. This has been derived by linear interpolation
from the two neighbouring values x = -7330 and x = -7417.

(b) By the Newtonian method, using xl
= 0-7330 as a first

approximation.
Let y = x cos x

y(Xl )
= 0-0101

= 0-006 approx.
I +n 0.7330

xt
= 0-739.

(c) By the method of iteration.

xn+l = cos xn .

Commencing with x1
= 0-7330 as a first approximation, we find

in succession

x2
= cos 0-7330 = 0-7431

xs
= cos 0-7431 = 0-7363

The calculation is to cease when two successive values of x coincide

to four decimal places.
It will be found that

xu = 0-7390
xu = 0-7391.

The slow convergence of this process may be easily improved.

Noticing that the successive values obtained in the process of iter-

ation are alternately larger and smaller than the desired result, we

may take as the (k -\- l)th value the arithmetic mean of theArthand
the (k l)th value thus

= COS
2

Examine the validity of this process.

^Examples. Solve the following equations correct to three

decimal places :

(1) x = 0-46 cosh x. (6) x2 = 0-79 sinh x.

(2) x = 0-52 cosh x. (7) x = 4-1 e~ a
-

(3) x = 0-65 cosh x. (8) x = 5-3 e~* .

(4) xz = 0-96 sinh x. (9) x = 3-1 log x.

(5) x* = 0-337 sinh x. (10) z2 = 11-1 log x.

5. SOLUTION OF NON-LINEAR EQUATIONS WITH SEVERAL
UNKNOWNS

Both Newton's method and the method of iteration, which

have been discussed in the preceding paragraphs for the case
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of an equation with one variable, may be applied to a system
of non-linear equations with several unknowns.

1. It will suffice to treat the case of two equations containing
two unknown quantities, since all the essential points are

thereby involved.

Let the two given equations be

<p(x, y) = 0,

y(x, y)
= 0.

Whether or not these equations are satisfied by a single pair
of real values of x and y or by several such, must be determined

in each particular case. By taking x and y as cartesian co-

ordinates or any other type of co-ordinates and sketching the

curves <p(x, y)
= and y(x, y)

= roughly, this question

may be settled and approximate values of the solutions found.

The methods which are here considered have as object the

determination, to any desired degree of accuracy, of the roots

of these equations from rough approximations (x lt yi).

We assume consequently that

where BI and e z are small. The functions y and y) are now
expanded at the point (x l9 yj and we obtain the equations to

determine the corrections A# and Ay to the approximate values

on retaining only linear terms in A# and Ay. The differential

coefficients are to be taken at the point (xlt yj. This provides
us with two linear equations to determine the corrections

Ax and Ay. That these may be soluble, the determinants

dcp d(p

~dx' ~dy

dtp dy>

dx
'

dy
must be presumed different from zero in the neighbourhood
of the solutions of the equations.
The now improved approximate value x t =xl + Ax and

11
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y* 2/i + Ay may be still further corrected by the same

process, and this may be continued until two successive

approximations do not differ from each other to within the

desired degree of accuracy.
As an example, consider the equations

x* + y
2 - 1 -0,

x3 -
y = 0,

which a rough sketch of the two graphs shows to have first

approximate solutions

Xl = 0-9
; yx = 0-5.

By inserting these values the errors

l
= 0-06

; 2
= 0-23,

are found.

The equations for the corrections are then

As Ay

2x 2y = 1?

Inserting the approximate solutions into these equations,
then the linear equations for the corrections A# and Ay are

Az Ay
1-8 1-0 = - 0-06

2-43 - 1-0 = - 0-23

Hence the values

Aa = -
0-07, Ay = + 0-06

are found. Adding these corrections to the first approximate
solutions, we find as second approximations

x 2
= 0-83, y t

= 0-56.

If these values be inserted in the given equations, we find

as total errors

e l
= + 0-0025

;
e 2
= + 0-0118.

The new equations for the corrections are then

Az Ay

1-66 1-12 = - 0-0025

2-067 1-0 = - 0-0118
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From these the corrections are derived, viz.

Az = 0-00397
; A*/ = + 0-00364,

and the third approximation becomes

x 3
= 0-8260, 2/3

= 0-5636.

As can be verified by actual insertion into the equations, these

values are correct to all the figures given.
It is evident that the extension of this method to systems

of equations with more than two variables presents no diffi-

culty whatsoever.

2. In the arithmetical treatment of any set of observations

it may happen that when a certain number of variables require
determination there are to hand more equations than variables,

so that a set of values of the variables are sought which will

satisfy all the equations. The so-called method of least squares

may with advantage be applied in such a case.

Suppose

<PI(X, y), <pt(z, y), ?n(z> y)

are known functions of the variables x and y, and

m 1} ra a ,
. . . mn

observed quantities, or quantities that have been derived

from observations
;

the problem may then be stated in the

following form : to determine the values of x and y which

satisfy the n equations

<pi(x, y)
- m 1

= 0,

y t(x, y)
- m z

= 0,

?(*> y)
-

n
= o

where it is assumed that if all the quantities m^ . . . mn are

determined free from errors, the n equations are consistent.

Since, however, the determination of the n quantities m^ . . .

ran cannot be effected in general without the introduction of

observational errors, it is not to be expected that a pair of

values of x and y exist which satisfy all the n equations exactly.
Let the values of the left-hand sides of these equations for a

pair of values of (x, y) be di, . . . <5n ,
then it is proposed to

find those values of (x, y) for which the sum of the squares
of the quantities di, . . . dn is a minimum.
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Hence, writing

q>i(x, y) -m 1
= d lf

(p 2(x, y)
- m z

= (3 2 ,

<pn(x, y)
- mn

= dn

the variables x and y are to be determined by making the

function

S = dS + <5 2
2 + . . . + <5n

2

a minimum.
This problem may be made to depend on the case already

treated (p. 142) where the expressions y(x, y) were linear

functions of x and y. Approximate values x 1} y l are first

sought for x and y and inserted in the equations, giving devia-

tions 8i t
. . . en from zero as follows :

9>i(ffi, 2/i) m 1
=

!,

9>i(*ii 2/i) m 2
=

2 ,

Now expanding the functions <p^(x, y) in ascending powers of

Az = x - x l9 ky = y - 2/1

and retaining only terms up to the first order in A# and At/,

we find

^(^ Aa;+ M(^) A ai>
ox oy

B . . .

The differential coefficients are, of course, to be evaluated at

the point (x lt y] and must be regarded as constants in these

equations, so that in effect we have a system of linear equa-
tions from which to evaluate the corrections Ace and ky such

that the sum

S = ^ 2 + (5 2
2 + - + <5

2

shall have a minimum value
;
and this has been treated in

page 143.
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The introduction of an approximate solution thus reduces

the problem to the treatment simply of a system of linear

equations. It is important, however, to notice that (x lt y^) t

the approximate solution, must be accurate enough to admit
of the restriction to linear terms in the expansion of the

function y ;
otherwise all the steps will require to be repeated

with the improved value derived from the first calculation.

3. The method of iteration may be applied to equations
with several unknowns in the following manner. Let the given

equations in the case of two unknown quantities, for example,
be

<p(x, y)
= 0, y(x, y)

=
and throw them into the form

x = 0(x, y}, y = W(x y y}.

Commencing once again with a set of approximate values

#i2/i, improved values of the roots may be found by writing

x 2
= 0(x lt 2/0, 2/2

= W(x l9 2/1)

and then again

x 3
= &(x 2 , 2/ 2), 2/3

= Vfa, 2/2)

and so on. The calculation may be regarded as completed
when two successive values of the variables derived by this

process are such that their difference is within the degree of

accuracy desired.

The condition that this process may lead to values of x and

y which actually satisfy both the equations may be stated

generally by saying that the functions <P(x, y) and W(x, y}
shall not vary too rapidly in the neighbourhood of the solution

with changes in the variables
;

that is to say, the partial
differential coefficients of these functions X ,

<P
V ,
Wx ,

*P
V

must not attain too high a value. Retaining the foregoing
notation to a first approximation, we may write :

x - x* = &(x, y)
- 0(x lt y,)

=
(x
- xj . X + (y

-
2/0 .

V ,

y-y* = V(x, y)
- W(x l9 y,)

= (x- x,) .Vm +(y
-

yi )
. V

v
.

Hence, taking absolute values, it follows that

\x -x, <
|

x - x,
I

.
I X I

+
I
y - 2/1 1

-
1

&v I >
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Adding these two inequalities,

I* *il +\y y*\

<
|

x - x,
I

.
(I X |

+
|

Wx I) 4-
1
y - y l

\

.
(| v |

+
|

!

Assuming that the sums

are not greater than a certain proper fraction m, then it must
follow that

|

x - Z 2 1
+

| y - y z
|

< m{\ x - x
\
+

\ y - y x |}.

But this implies that the approximate values x t , y 2 are closer

to the real values x, y than the first approximations x l9 y! ;
in

point of fact, it is obvious that after n successive approxi-
mations

I

* - *+i I + 1 y
-

2/n+i l< n
(l
* - *i

I
+

1 y
-

2/1 1)-

Hence it is a sufficient condition for the convergence of this

process that in the immediate neighbourhood of the solution

x, y the relations

I*.
should be satisfied.

The Newtonian method, as well as the method of iteration,
is also applicable to complex values of the variables. In
the case of two unknowns, the equations separate out into

two parts corresponding to the real and to the imaginary
part of the variable, and these may then be treated by the

methods which have just been elaborated. The direct calcu-

lation may, however, also be carried through with complex
numbers.

^Examples. Solve the following systems of equations correct to

two figures after the decimal point :

(1) X* + ^ = lf 38 = y4.

(2) sin x = y -f 1, cos y x 1.

(3) 3z2 + 2y* + 5xy =10, x + e v = 2.



CHAPTER X

GRAPHICAL AND NUMERICAL INTEGRATION
OF ORDINARY DIFFERENTIAL EQUATIONS

OF THE FIRST ORDER

I

1. GRAPHICAL INTEGRATION

F a differential equation of the first order be written in

the form

,,
a geometrical interpretation of the equation is immediately
apparent. Taking x and y to represent rectangular co-ordin-

ates, then at each point in the x-y plane apart from certain

so-called singular points the function f(x, y) has a definite

value. If f(x, y) is a many-valued function of x and y, then
we will confine attention to one branch of the function. Geo-

metrically speaking, the problem may be stated as the deter-

mination of a system of curves in the plane of x-y such that

the tangent at each point makes an angle y with the x axis

given by
tan y =f(x, y).

The function f(x, y) defines a
"

field of direction
"

in the

x-y plane, with each point of which is associated a particular
direction defined by <p, along which the

"
integral curve

"

through the point must pass.
From this point of view the x-y co-ordinate system plays

only an intermediary part. If the field of direction be con-

ceived as once determined or fixed, then the problem of integra-

tion, geometrically formulated, is independent of the co-ordinate

system. It is one of the advantages of the graphical method
of integration that it brings out and utilizes this independence
of co-ordinate system. In the first place the problem as

formulated analytically, in terms of the function f(x, y), must
be expressed geometrically in order to be dealt with graphi-

167
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cally. For this purpose the dependence on a particular

system of co-ordinates is, of course, unavoidable.
The function f(xy) is represented by drawing a system of

curves from the equation

f(x, y) C = const.

as is done in representing functions of two variables. Any
member of this system of curves is called an isoclinal. The
values of the constants C for which the curves are drawn must
be suitably selected. They need not necessarily be for equi-
distant values.

A pencil of rays is now sketched by associating with each
isoclinal specified by CA , say, a ray making an angle 99^ with
the x axis such that

tan
<pA
= Cx .

Writing upon each ray of this pencil and upon each isoclinal

the particular number specifying the direction of the ray and
the value of C for the isoclinal, the problem is now in a

definitely geometrical form, giving a greater or less degree
of approximation according to the density of distribution of

the isoclinal curves. From now onwards the x-y system of

co-ordinates utilized above plays no part.
In order to sketch in an integral curve starting from a given

point, a curve is systematically drawn such that at each point
where it crosses an isoclinal it does so parallel to the corres-

ponding ray of the pencil.
It is advisable sometimes to sketch in among the isoclinals

the curve which is the locus of the points of inflection of the

integral curves. The equation for this curve is obtained

by differentiation of the original equation ~- =f(x, y) with
dx

respect to x :

_ df df- r -- J(x ' y >
~

This equation also shows that the integral curve is touched at

a point of inflection by an isoclinal.

The closer the isoclinals C =/(#, y) are drawn in, the more

accurately is it possible to draw the integral curve, but even

then, if reliance is placed on this method alone, a considerable

degree of uncertainty remains. A development of this method

given by C. Runge provides a graphical treatment of ordinary
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differential equations particularly suitable for accurate prac-
tical application.
Let us suppose that in the field of direction as defined above

an integral curve starting off from a definite point P has been
drawn. This integral curve is to be regarded as a first approxi-
mation, and the problem is to increase the degree of accuracy.
Let and

r\
be the axes of a rectangular system of co-ordinates

whose orientation is for the moment not stated. With such
a system of co-ordinates the differential equation will assume
the form

and the curve which is our first approximation will be given

by an equation such as

If this function ?7i() be inserted instead of
r\

in the right-hand
side of the differential equation, the function

9?
becomes a

function of alone, and may be expressed as <p{g, ?7i()}.

Hence, evaluating the integral of this function and taking

lo^o as the starting-point P
,
we get

I

*? 2
=

rjo +
J

<p{,

t,

giving rj z
as a function of

, say

*?a
= *7(f )

This function assumes the value
r]

for =
,
and subject

to conditions shortly to be stated it represents a closer approxi-
mation to the solution of the differential equation than rji.

From this function
rj z a better approximation rj 3 given by

I

j

t,

may be derived by the same process, and so on step by step
to any desired degree of accuracy.f

t The reader who is only concerned with the actual method of inte-

gration may omit the following considerations and take up the dis-

cussion again on p. 173.
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If the true solution of the differential equation is repre-
sented by

9 '-rift.

then the accuracy of the Ath approximation we will measure

by the absolute value of a function

\
= ex(f)

=
*?x ?,

which will be termed the error-function of the Ath approxi-
mation. Now the second approximation 77 2

was derived from
the first 771 by the integration process

9>{f ,r] z
=

770

fc

If, however, the true solution TI(] is inserted in <p(, 77),
and the

corresponding integral evaluated, then of course
r\

itself is

reproduced, thus :

By subtracting the last two equations, the error-function of

the second approximation is derived, viz. :

=
J
Mf , i?i(]

-

To compare this with the error function j
=

^j 77,
we write

the integrand in the above case

j _ y[f , frtf)]
-

y[f , 77(1)]

77! -77

If we imagine ^ has a definite fixed value, then
77, 77!,

and Sj_

are also fixed
; hence, applying the Mean Value Theorem

of the differential calculus, we may write

for a value of
77^

intermediate between
77
and

77!. Representing

m as the maximum value which - can assume regarded as a
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function of
r\

alone in the range r\
to

r\
for a fixed value

,

then

J < ra . BI.

In general this maximum value of ra is different for a different

value of . It is, in fact, a function of and in particular

depends on the form of the function <p and the range of the

functions
r\
and

r\ i. Let it now be assumed that
<p

is regular

in the range of integration and moreover that ?? is finite

or]

but small at the starting-point P . The first condition implies
that in the geometrical representations of the isoclinals no
two members of that system have a point in common, while

the second condition can be satisfied by an appropriate choice

of a
-77

co-ordinate system. As we shall prove later, we may
i /d<P\

even make
(

- K t
== 0.

Restricting the range of integration up to a certain definite

value j of
,
then the value of |\ may be chosen so close to

the starting-point that the quantity ra introduced above,

regarded as a function of
, always remains less in absolute

value than a definite number M in the interval to IB In
that case the integrand J is smaller than \M in that interval.

Now let ej() be a function representing the largest value of

s l in the interval to
;
hence we may write

provided < g lm

Now so long as | is chosen so close to that

|M.(f-f.) <1
then 2 <C i- It does not yet follow, however, that

2 < 1 for every value of
,
but only that the largest value

of 2 in the range of integration to we call it c 2 is smaller

than the largest value x of x in the same interval. This

asserts that the maximum error in the second approximation
?y 2 given by

t

in the interval to is smaller than the maximum error in

the first approximation for the same interval. Carrying this
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same process a stage further by deriving a third approximation
from the second, one finds for the error

3 < M
Since, however,

2 < M . etf - f ),

it follows that

2 < M . et(S
- | ),

and consequently

*<M'. *(***).
By continuous repetition of this process of integration a fcth

approximation is finally obtained, the error of which satisfies

the relation

From this it may be concluded that for every value of

between and
,.
the error may be made as small as we please

provided the integration is repeated sufficiently often.

The convergence of this process will be the more rapid the

smaller the absolute value ofM .
( ), which must, of course,

be less than unity. The degree of convergence will fall off the

more the interval is extended. Nevertheless, with

increasing interval it will drop off more slowly the

smaller M remains. This maximum value may be considerably
influenced by a suitable choice of the -77 co-ordinate axes,

and by that means secure convergence over a wider range.
It is necessary in the first place to show how the process of

integration, by means of which a given approximation may be

improved, may be effected graphically.
The successive steps in this process will best be explained

by means of a particular example.
Consider the differential equation

It is required to find the solution of this equation which
satisfies the initial conditions

x = 0-30
; ?/o

= 0-36.

To begin with, the isoclinal system is sketched in the x-y
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plane. This consists in this case of a series of concentric

circles,

Vz 2 +y* =C
of which a set corresponding to

C = 0-5
;

1-0
;

1-5
;
... 4-5

have been drawn in Fig. 26.

It is only necessary to draw small elements of arcs of these

isoclinals, since they concern us only where they are inter-

FIG. 26.

sected by the particular integral curve of the differential

equation satisfying the boundary conditions. Close to the

isoclinals the associated pencil of rays is drawn. It consists

of rays proceeding from a point W and such that the angles

9>A which they make with the x axis are given by tan 9?^
= 0-5; 1-0; ... 5-0.

The simplest method is to draw a parallel to the x axis

through W, to erect a perpendicular through a point U upon
it, and upon the latter, taking WU as unit, to set off the values
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of tan (p^ from U. The extremities of these are then joined
to W. Having fixed the initial point P having the co-or-

dinates x Qy Q ,
the first approximation may be sketched in.

This is indicated by c x . So far it is scarcely worth while

striving after any great degree of accuracy.
To improve the approximation c x we proceed to a

-77

system of co-ordinates. Why this step is taken will be
indicated presently. We must recollect that, given the iso-

clinals and the pencil of rays, the problem of integration is

independent of any system of co-ordinates.

In terms of the new co-ordinates the differential equation
will be of the form

and the first approximation will be expressed by

n = *?i()

We then proceed to a second approximation ?? 2() by evaluating
the integral

*

=
r]o +

J
<?[

To express the integrand as a function of alone,
has to be inserted for

r\
in <p(, rj) t

and this may be carried through
graphically in the following manner :

From the points of intersection P
,
S 1? S 2 ,

. . .of the curve

c x with the isoclinals, perpendiculars are dropped to the

axis. (These appear as dotted lines in the figure.) Their

abscissae are
, i> 2, ; corresponding to these abscissae

the values of the integrand g?[, r?i()] are determinate. The

points of intersection sx have co-ordinates x and ?7i( A), and
it is only a question of taking the value of the function <p(g, rj)

at this point SA ;
thus the value of the integrand for the

abscissa A is determined.

In the
77 system, the function <p(, rj)

has exactly the

same interpretation as the function f(x, y) of the differential

equation

5 -/<*>

in the xy system, that is to say, 9?(, rj)
= -rL is equal to

ag
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tan y, where ^ is the angle of inclination of the integral curve
to the axis. These values may, however, be read off from
the pencil of rays if a parallel to the axis is drawn throughW and a perpendicular drawn to it from a point V. The

pencil of rays intersects this perpendicular in points whose

distances from V, measured in terms of WV as unit, specify
the values of tan

y>A where ^A is the angle of inclination to

WV of the ray, and therefore also to the axis.

To each isoclinal which has the equation

on the (rj system, there corresponds a ray of the pencil.
This ray cuts the perpendicular through V to WV in a point
whose distance from V represents the value of the constant

CA for the corresponding isoclinal.

These values taken from the pencil of rays are to be taken
as ordinates to each corresponding abscissa A . (For example,
for the point of intersection Si which has the abscissa x the

corresponding distance is indicated in the figure by a bracket.)
From these measurements a set of points are derived pro-

viding a curve i^ which represents the integrand gp[, ??i()]
as a function of . (The plotted points will be recognized in

the figure by very small circles. They have the same
abscissae as the points SA.)

This curve ii must now (following the first method) be inte-

grated graphically (see Chapter VII). For this purpose the

polar distance p in the integration may be made equal to the

distance WV of the pencil of rays. The auxiliary lines are

dotted in the figure and only the enveloping tangent polygon
of the integral curve need be sketched in. For purposes of

clarity this has been omitted from the diagram. For the

remainder of the construction the integral curve which is

to serve as a second approximation c 2 ,
viz.

77
=

r) t(), should be

sketched in, and the integration repeated.
To evaluate the integrand <p[, ^ 2(l)] associated with the

second approximation ^(l) the points of intersection of c a

with the isoclinals have to be sought. These points of inter-

section, corresponding to the points of intersection Sx of the

first approximation with the isoclinals, while distinct from the

latter, have almost exactly the same abscissa A . From this

it follows that the integrand curve i 2 , corresponding to the

second approximation c,, differs only slightly from tj. It
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would be necessary to work with much finer lines not repro-
ducible in our diagram in order to bring out the distinction

between i z and i lf If i^ and i z are only slightly different, then
the third approximation, c 3 ,

obtained by integrating i 2 will

likewise differ only to an inappreciable extent from c 2 ,
and

the result will be already practically the true value.

With the thickness of the lines used in the example as

illustrated, the solution obtained is sufficiently accurate.

It is easy to see that for the position of the axis selected

above (the direction only comes into question), the conver-

gence is specially rapid.
The axis is to be so chosen that the directions of the isoclinals

at the points where they are cut by the integral curves c l and c 2

respectively are as nearly as possible perpendicular to the axis.

After sketching in the first approximation, c 1} a suitable

choice of the axis may be made with sufficient accuracy.
The choice of axis thus made, as nearly as possible at right-

angles to the isoclinals at the points SA , operates in such a
manner as to give the intersections of the second approxima-
tion c 2 with the isoclinals practically the same abscissae as

the points of intersection Sx of the first approximation had.

Since the direction of the isoclinals in the
77 system is

determined by the quotient -~ : -f- ,
it is clear in fact that this

0$ or]

orientation of the axis ensures that -^ shall be small,
dri

so that the construction brings out the influence of the

magnitude of ~- along the integral curve, as is indicated in the

analytical treatment of the proof of convergence.^
It is frequently advantageous in the case of a differential

equation whose isoclinals are complicated curves to carry

through the integration over separate portions of the field

at a time, and by that means to utilize a series of co-ordinate

systems whose axes may separately be made to fit its particu-
lar conditions relevant to that portion. It need scarcely be

f Taking as the differential equation to be integrated -r- = /(#),

then the isoclinals are lines parallel to the y axis. The x axis is exactly
perpendicular to all the isoclinals and one integration leads to the
solution.
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mentioned that the foregoing graphical methods apply equally

to differential equations for which ^ cannot be directly
doc

evaluated and expressed in terms of a function of x and y.

2. NUMERICAL INTEGRATION

It is important to be able to determine a particular solution

of a differential equation of the first order, taken in the form

where the solution is expressed as an expansion in a Taylor's
series.

If the initial values be x
, y then in general the derivatives

of higher order at the point may be calculated. It becomes

clear, however, that following this line of argument a series

in a practically useful form will not be derived, the labour

involved in the calculation in any particular case becoming
excessive.

A different method of treatment has been evolved by C.

Runge, which is conveniently applicable in most cases.

The problem, expressed in the form with which we are for

the moment concerned, may be stated as follows :

Corresponding to one variable x a value y of another
variable is given ;

it is required to determine the increment
k to the variable y corresponding to a change h in x. In

practice the quantity k will be calculable only to a certain

degree of accuracy, but this will be greater, other things being
equal, the smaller h is chosen.

The quantity k is first expressed in the form

k = R^ + R 2& a + R 3& 3 + RA-
The quantities &x are then to be evaluated from the following

equations :

*i =/(3o, 2/o) *,

&* =/(BO + c*, 2/0 + 0ki) - h,

* =/(*o + ah, 2/0 + 0'fci + /fc.) h,

h =f(x + a"h, 2/0 + F'h + /'*, + 6"k,) . h.

The coefficients Rx still undetermined in the expression for k,

and the nine quantities a, ... d" in the equations for the &x's,
are to be selected so that the error in the quantity k is small
and of the fifth order in h

;
that is to say, if it be developed

12



178 PRACTICAL MATHEMATICAL ANALYSIS

in a power series in h it must commence with the terms

Ah5 + Bfc6 + . . . .

Moreover, this condition is to be satisfied irrespective of the

particular form of the function f(x, y).
A comparatively involved calculation f on this basis provides

the following simple result :

The coefficients RA assume the values

TC
l K - 1

T? - 1
TJ

l
&i -

g,
K 2

- -, K 3
- -, K4

- -

and the quantities a, ... d" become simply : %

a =a' =1, a!' - 1, /? =/ = *, <5" = 1, /*'
= /T = y" = 0.

Hence the adjoined scheme can be devised for calculation :

The following quantities are estimated successively :

yo) *,

+3,*. +

The error will be of the fifth order in h if for the increment in

y the value

T, _ #1 "I" ^4 l ?2 "T~ "^3~~ ~

is taken.

In order to trace further the solution determined by the

initial values (X Q , T/ O), one proceeds by a series of such steps.

Having determined the increase k for an increment h in x as

described above, the values x -\- h, y -}- k are taken as a new
starting-point for the next step, and in identical manner a
further increase k' is calculated so that corresponding values
of x and y, viz.

x + h, x + 2h, x H- 3&, . . .

and

2/o + k, 2/0 + fc + V, y + k + &' + fc", - -

are determined.

t W. Kutta, Zeitschr. /. Mctfft. w. Phys. vol. 46, p. 435.

J This system of values is not the only one that gives k an error only
of the fifth order in h, but for the present purpose it is the most suitable.
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The steps are conducted according to the following plan :

2/o

2/o +
-jj

1

&2

2/0 +
2"

2/o + &3

(z , 2/o)

t,

+h 2/o

In each horizontal line the value of k^ derived from the preceding
line is to be inserted. With the values x + h and y Q -f k,

a second step is begun in the calculation according to the same

plan.
To investigate the accuracy of this value of y, a dual estimate

may be made. The calculation may be carried through once
for an interval h and again for double the interval 2h, the

increment k being estimated in each case corresponding to

two separate steps each of range h on the one hand, and one

step of range 2h on the other, commencing at the same initial

point. A comparison can then be made between the two
values of y thus found. The magnitude of the possible error

is measured by one-sixteenth of the difference between the

two values. It is to be anticipated, of course, that the value
found by taking the two steps each of interval h is the more
accurate of the two.

In illustration consider the differential equation

where the initial conditions are given byx =0, y = 1.

It is proposed in the first instance to effect the calculation
12*
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for two successive steps each of interval h 0-1 and then to

recalculate the value of y for one step h =0-2.

h
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As is evident from the annexed table of calculations, the

two values of y corresponding to x = 0-2 differ from each
other only by five units in the seventh decimal place. The
value for ?/, viz. 1-0411643, may be taken as correct practically
to the last figure. If the calculation is carried further, it is,

however, important to notice that at each step the possible
error estimated by this dual calculation may be additive.

Accordingly the calculation must be commenced with a larger

degree of accuracy than is actually demanded in order that

for ranges of x remote from X Q the degree of accuracy may
suffice.

At times a simplification in the calculation may be intro-

duced if, instead of treating the equation -^ =f(%, y), the
ctx

dx 1
alternative form - =-r, r is used, since it sometimes

dy f(x, y)

avoids the use of inconveniently large values of the variables.

The transcription from the one notation to the other is easily
effected.

Examples. *(1) An integral curve of the differential equation

-? -f- xy 1 passes through the point x 0, y = ;
find the value

of y for x = 1 correct to four decimal places by numerical inte-

gration.

*(2) Integrate the foregoing differential equation graphically by
drawing a series of short tangents at points separated by intervals

of x = 0-1, commencing with the point x = 0, y = 0. Determine

again the value of y at x = 1 and explain the difference between

your result and that obtained in Example (1).



CHAPTER XI

GRAPHICAL AND NUMERICAL INTEGRATION
OF ORDINARY DIFFERENTIAL EQUATIONS
OF THE SECOND AND HIGHER ORDER

1. GRAPHICAL INTEGRATION

DIFFERENTIAL

equations of higher order than the

first may also be dealt with advantageously in many
cases by graphical methods. We commence with

an equation of the second order and suppose it has been thrown
into the form

The problem is to determine a function y of x, say y = y(x),

which, when inserted with its first and second order differential

coefficients in the differential equation, satisfies it identically
and in addition satisfies the initial conditions. The latter

may be assumed expressed in the form

x = X Q , y = y ;

If we suppose that a function y has been found to satisfy

the differential equation and the boundary conditions, then

its derivative ~ is also a function of x. Let a new variable
dx

z be introduced defined by the relation

_dy
~dx'

then the given equation, when this is inserted in it, takes the

form

182
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Associating this with the equation defining z, viz. z = -=^,
ax

we have replaced a single equation of the second order by two
differential equations of the first order which are satisfied by
the two functions

y = y(x), z = z(x) :

while the latter assume the values

when x = X Q .

It is clear then that a graphical treatment of the proposed
differential equation of the second order will be best dealt

with by considering the question from the beginning from the

second aspect ;
to seek two functions

y = y(x), z = z(x)

which satisfy the two equations of the first order

and

dz .

=f(x > y >

d
/=zdx

and the initial conditions. The function y derived from these

equations will also satisfy the original equation of the second
order.

The integration of a differential equation of the second order

is thus seen to be a special case of the integration of a system
of two simultaneous differential equations of the first order.

In the general case the functions y and z will require to satisfy
the two equations

- =/(*

and

^ = g(x, y, z)

and assume the values y and z for x = x .

With a differential equation of the second order the function

g(x t y, z} reduces simply to z alone.

The integration of such a system of two differential equations
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of the first order may be effected graphically. This is especi-

ally suitable when it is possible by some means or other

quickly to determine the values of the functions / and g

corresponding to any set of values of the three arguments
x, y, z, which arise in the integration; when, for example,

nomograms are to hand for the two functions or when the form
of the latter is particularly simple and allows of a rapid con-

Pol

Pol

FIG. 27.

struction to determine their values. Assuming these condi-

tions fully satisfied, then the graphical process would be

conducted in the following manner.
The analysis is carried through simultaneously in two

cartesian co-ordinate planes. In both the abscissae of x are

set off along a horizontal axis, while in the one plane the

ordinates represent y and the other z. The two systems are

placed on the drawing paper so that the vertical axes of

ordinates in both planes form one straight line (see Fig. 27).
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A triple set (x, y, z) of the three variables can then be repre-
sented by P' and P" with co-ordinates x, y and x, z respectively.
The problem is now to determine a particular curve in each

plane, for the functions y = y(x) and z = z(x) may be repre-
sented as curves in both co-ordinate planes, and the two
differential equations specify the directions at each point of

these curves. If we consider simultaneously points of both
curves possessing equal abscissae x, then to each such pair of

points there corresponds a triple set of values x, y, z, and the

two differential equations assert that at each point P" in the

x-y plane the curve must make an angle a with the x axis

given by

Moreover, at the point P' in the z-x plane the curve must make
an angle /? with the x axis, for which

tan p = -^
=

g(x, y, z).

Each curve, in addition, must pass through its corresponding
initial point A' and A", given respectively by the co-ordinates

x o , 2/0 and X Q,Z O . Although both planes from this stand-

point are not covered by one
"

field of direction
"

as was the

case with one differential equation of the first order, neverthe-

less, by a system of approximation, both integral curves may
be constructed by commencing at their respective initial

points and starting off in the directions given by

tana =/(*o, 2/o> o)

and

tan = g(x g , y 0> z
) ;

and then by a process of simultaneous constructions in both

planes seeking to satisfy the conditions as regards direction.

The simplest method is to draw an element of line from the

points A
7 and A" to the points P/ and P/' with abscissae

x lt where the corresponding values of y l and z^ may be read off,

and thus the new values of the functions f(x lt y it Zi) and

0(#i> 2/u z i) determined. These will then specify the directions

in which to proceed from the points P/ and P!". Once more

elementary straight lines are drawn as far as P,' and P t",

from the co-ordinates of which new directions are once more
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determined, and so on. The polygon composed of elementary
straight lines derived by this method represents a first approxi-
mation to the integral curves. For a closer approximation
these two integral curves must be rounded off so that the
directional conditions are satisfied at each point. To effect

this involves certain considerations regarding the functions

/ and g. In Fig. 28 the two approximation curves are indicated

by ft/ and ft/'. To improve these first approximations, the

process utilized with differential equations of the first order

may be extended and applied. Imagine both curves given
analytically by the equations

then the following integrals may be constructed :

X
r

J

x,

and
X

Z*=Zo + 0(2/1, Zi,x)dx.

Here the expressions for y and z as functions of x are to be
inserted so that the integrand is a function of x alone. Without

proof it may be stated that these two expressions define two
functions of x,'y z ,

and z 2 which in the vicinity of x are better

approximations to the solutions of the given differential equa-
tions than t/! and z^ These integrations may be carried

through graphically in the following manner. Every two

points P' and P" having the same abscissa in the two approxi-
mation curves determine an associated triple set of values of

x, y, z
;
the values of the functions/ and g respectively assumed

for these values of the variables are plotted at the corresponding
abscissa x the value of / in the x-y plane and of g in the

x-z plane. If this is done for a series of points of the curves

ft/ and ft/', the curves represented by *'/ and */' in Fig. 28

are derived. The graphical integration of these two curves

provides a second approximation y z and z 2 ,
with which the

process may be repeated as often as necessary. The con-

struction of the curves / and i z

"
is more or less difficult

according as the values of the functions / and g are derived

from the arguments by laborious calculation or otherwise.
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The graphical construction for the solution is accordingly
much to be preferred when the values of these functions are

easily derived graphically.
In the simple case of differential equations of the first order

a more rapid convergence of the graphical method of approxi-
mation was achieved by making a suitable choice for the

direction of the x axis. This cannot be effected so success-

fully with two simultaneous equations. In certain circum-

stances one must be satisfied here with a much slower rate

of convergence. In many cases, however, by a change of the

independent variable the convergence may be improved.
For example, from the system of two equations

and

- =

another set may be derived in which y plays the part of the

independent variable, thus :

dx I

and

dz _ g(x, y, z)

dy f(x, y, z)'

A general rule to determine when such a transformation is

advisable cannot be given. Whether the change in the inde-

pendent variable should be performed at the very commence-
ment of the calculation or at some later stage is a question
that can only be settled in each individual case.

In the application of the foregoing methods to the solution

of ordinary differential equations of the second order certain

simplifications enter. Written as a system of two equations,
such a case takes the form

dz fl

fa =/(*,**)

dy _

dx~
The direction of the first small element in the x-y plane is
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immediately determined by the ordinate of the point P"
of the z curve. For this purpose a parallel is drawn to the

x axis through the point and the intersection with the z axis

is joined to a pole on the x axis, thus determining the required
direction. For the direction of the small element in the

z-x plane the value of the function f(x, y, z) must be found.

Having sketched in the first approximation, a second and closer

approximation y 2 is derived in the x-y plane by integrating
the curve z, since y becomes

*=.+
{a**,

and for the second approximation in the x-z plane, i.e. for the

integral

=z \f(x,y9 z)dx9

a determination of the integrand has to be effected.

The following example in dynamics will illustrate how the

function / may be dealt with in certain circumstances.

In a dynamical system with one degree of freedom the

independent variable x specifies the time and y the parameter

of the system ;
z = ~ then represents the velocity. Let

u/X

the force acting on the system be dependent on y and on the

time x in such a manner that it is expressed as the sum of two
functions a(y) and b(x) . Let the motion of the system, moreover,
be under the influence of a frictional force given by c(z), a

function of z the velocity. The three functions a(y), b(x), and

c(z) we will suppose are given graphically in the form of

curves, which is the case in many technical problems. If the

functions are given analytically then they must be graphed.
The differential equation of the motion may then be written

In place of the above the following equivalent pair are

substituted :

fc=a(y)+b(x)+c(z),
and dy

"T~
~ 2.

dx
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As initial conditions, let the position and velocity determined

by 2/
and z be given at time x .

If the curves of the functions a, 6, and c, representing accelera-

tions, are drawn on equal ordinate scales, then the value of

the functions on the right-hand side is a matter of mere
addition of ordinates at corresponding values of the abscissae x,

y, and z. These distances are best stepped off by means of a

pair of compasses. If the value of the sum of these functions
is measured off on the vertical side of a right-angled triangle,
of which the horizontal side is of unit length, then the hypothen-
use fixes the direction of motion at the corresponding point
of the x-z plane. Similarly, by the same process of graphical
addition, the integrand which arises during the integration
is easily constructed. In a case like the present the graphical

process is most suitable, and indeed if the functions a, 6, c

are given graphically it is the only process that can be applied.
With linear differential equations of the second order a graphical

method of analysis can easily be applied. Such an equation
has the general form

where a, 6, and c are given functions.

From this equation we derive the equivalent system

and

S'
Given the functions a, 6, c in graphical form, then the right-

hand side of the first equation, involving additions and multi-

plications of the form a . z and b . y, can be easily effected

graphically.

Systems of two or more simultaneous equations of the

second order, which are frequently met with in dynamics,

may with advantage be graphically integrated in an analogous
manner.
These lead by a similar process to systems of four or more

simultaneous differential equations of the first order. The
method of approximation by successive integrations is equally

applicable to systems of any number of equations, and it is
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carried through by working simultaneously with a corres-

pondingly large number of co-ordinate systems.

2. NUMERICAL INTEGRATION

The method of numerical integration of differential equations
developed in the second paragraph of the previous chapter
may equally be extended to equations of higher order. For
this purpose the differential equation is written as in 1 as

a system of two or more simultaneous equations.
To integrate numerically such a system of two differential

equations, say

dz

with given initial conditions x 0) y Q ,
z

,
a plan of calculation is

followed similar to that in an equation of the first order.

The following quantities are calculated in a set together :

} 2/0 +&3, 2/0

The quantities k and I by which y and z respectively increase

for an increase h in x is then obtained from the equations

_ k, + h k 2 +k 3 , _ I, +1, I, +1,
~6~ ~3~ ~6~ ~3~

It can be proved that with the estimation of these quantities
also the error is of the fifth order in Ji.

The extension of this method to systems of more than

two simultaneous equations is effected by a simple develop-
ment of the above scheme which is easily determined.
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FUNDIS AND PRISON LETTERS. XI. Es-
SAYS. xn. SALOME, A FLORENTINE
TRAGEDY, and LA SAINTE COURTISANE.
xni. A CRITIC IN PALL MALL. xiv.

SELECTED PROSE OF OSCAR WILDE.
xv. ART AND DECORATION. xvi. FOR
LOVE OF THE KING : A Burmese Masque
(55. net.).

Yeats (W. B.). A BOOK OF IRISH VERSE.
Fourth Edition. Cr. 8vo. 7s. net.



MESSRS. METHUEN'S PUBLICATIONS

PART II. A SELECTION OF SERIES
The Antiquary's Books

Demy 8vo. los. (Jd. net each volume. U'ith \nwerous Illustrations

.r TAINIKD Gl.ASS IN ENGLAND.
AKt-n.voi.oc.Y AND FALSE Axriyri i n -.

'I in BMLS OF ENGLAND. Tin-- I-

OK F.NGI.AND. Tin: CASTLES AND WAI M D

TOWNS <ii- ENGLAND, d I.TIC ART IN

\N AND CHRISTIAN Tl.Ml S. ClU'KM 11

WAK 1

-i MS. TllK I'oMI'SDAY

lNg.ri-.sT. FNC.IIMI Cnri<cn I
: ri<si it KI- .

Ml-'. I''.NC,I.ISH MoNASlIC
J.1IK KNl.Ll-ll SlAlS. Fol.K-I.OKE AS
AN HISTORICAL SciKNCK. THF (il'II.DS AND

PANICS OF LONDON. THK HERMITS
AND ANCHORITES OF ENGLAND. THL

MANOR AND MANORIAL KFCOH
\., Hi'MMTALS OF 1

OUU LlBRAKIU. (lit,

HooKS OK II IK 1 S,,! IM1 C HI

I. in, IN Mi DLBVA1 i

PARISH i

MAINS or mi I'Ki.iiiMoRH- AI.K
LAND. Tin; KOMAS I-:KA IN HKIIAIN.
ROMANO-HKITISH Hrn.Di.sc.s ANI>

WORKS. THK KOYAI. 1-di

LANK. Til! Si III", I > UK V
LAND. SllRIM-.S UK 1JRI 1 :

The Arden Shakespeare
General Editor, R. II. CASE
Demy 8vo. 6s. net each volume

An edition of Shakespeare in Single Plays ; each edited with a full Intro-

duction, Textual Notes, and a Commentary at the foot of the
]>.

The Arden Shakespeare will be completed shortly by the publication of MUCH Al><>
ABOUT NOTHING;. Edited by GRACE TRENERY.

Classics of Art
Edited by DR. J. H. W. LAING

With numerous Illustrations. Wide Royal 8vo

THE ART OF THE GREEKS, 2is. net. THE
ART OF THE ROMANS, i6s. net. CHARDIN,
155. net. DONATEI.LO, i6s. net. GI-OK<,I:

RoMNI-Y, IS,s-. net. GlIIRLANDAIO, 15*. net.

LA\\ : net. MICHELANGELO, 155.
net. RAPHALL, 155. net. REMBRANDT'S

The "
Complete

"
Series

Fully Illustrated. Demy 8vo

ETCHINGS, 355. net. REMBRANDT'S
PAINTINGS, 635. net. RI-BKNS, 305. net.

TINTORETTO, i(>s. net. T: ;

Tt'KNI K'S SKI- Kills AND 1'KAWIM..-.

155. net. VELAsoftz, 156. net.

THE COMPLETE AIRMAN, 165. net. THE
I'i.ETK AMATEUR BOXER, IDS. (/. net.

THK. COMPLETE ASSOCIATION FOOT-

BALLER, IDS. 6J. net. THK COMTIIII
AIHLETIC TRAINER, los. 6J. net. lin-

BILLIARD PLAYER, los. 6d.

net. THE COMPLETE COOK, los. 6J. net.

THE COMPLETE FOXHUNTER, i6s. net.

GOLFER, 125. (xl. net.

THK. C'oMi'i i M-: HCK-KKY PLAYER, 101. 6d.

net. Tin: HOKSI-MAN, 155.
net. THE COMPLETE JUJITSUAN. Cr. Svo.

55. net. THE COMP:
12*. 6d. net. 1

MOUNTAINEER, iSs. net. 1

OARSMAN, iss. net. Ti

PHOTOGRAPHER, 12$. 6d. net.

RUGBY FOOTBALLER, ON THK N
LAND Si

SUIMMKK, ios. 6d. net. THK COMPLETK
s. net.

The Connoisseur's Library
With numerous Illustrations. Wide Royal 8vo. i i is. 6d. net each volume

H COI.OI-KI D BOOKS. ETCHINGS.
PLAN I NAMKI.S. FINE BOOKS.

GLASS. GOLDSMITHS' AND SILVERSMITHS'
WORK. ILLUMINATED MANUSCRIPTS.

MINIAITHKS. I'OKCKI.AIN.

SCULPTURE.

'



MESSRS. METHUEN'S PUBLICATIONS

Health Series

Fcap. Svo. 2S. 6d. net

THE BABY. THE CARE OF THE BODY. THE
( \KE OF THE TEETH. THE EYES OF OUR
CHILDREN. HEALTH FOR THE MIDDLE-
AC.KU. THE HEALTH OF A WOMAN. THE
HEALTH OF THE SKIN. How TO LIVE

LONG. THE PREVENTION OF THE COMMON
COLD. STAYING THE PLAGUE. THROAT
AND EAR TROUBLES. TUBERCULOSIS. THE
HEALTH OF THE CHILD, 2$. net.

The Library of Devotion

Handy Editions of the great Devotional Books, well edited

With Introductions and (where necessary) Notes

Small Pott Svo, cloth, 35. net and 35. 6d. net

Little Books on Art

With many Illustrations. Demy i6mo. 55. net each volume

Each volume consists of about 200 pages, and contains from 30 to 40

Illustrations, including a Frontispiece in Photogravure

JAPAN.
BURNE-

ALRRECHT DIJRER. THE ARTS OF
BOOKPLATES. BOTTICELLI.

JONES. CELLINI. CHRISTIAN SYMBOLISM.
CHRIST IN ART. CLAUDE. CONSTABLE.
COROT. EARLY ENGLISH WATER-COLOUR.
ENAMELS. FREDERIC LEIGHTON. GEORGE

ROMNEY. GREEK ART. GREUZE AND
BOUCHER. HOLBEIN. ILLUMINATED
MANUSCRIPTS. JEWELLERY. JOHN HOPP-
NER. Sir JOSHUA REYNOLDS. MILLET.
MINIATURES. OUR LADY IN ART. RAPHAEL.
RODIN. TURNER. VANDYCK. WATTS.

The Little Guides

With many Illustrations by E. H. NEW- and other artists, and from

photographs
Small Pott Svo. 45. net to 'js. 6d. net

Guides to the English and Welsh Counties, and some well-known districts.

The main features of these Guides are (i) a handy and charming form ;

(2) illustrations from photographs and by well-known artists ; (3) good
plans and maps ; (4) an adequate but compact presentation of everything
that is interesting in the natural features, history, archaeology, and archi-

tecture of the town or district treated.

Plays

Fcap. Svo.

MILESTONES. Arnold Bennett and Edward
Knoblock. Eleventh Edition.

IDEAL HUSBAND, AN. Oscar Wilde. Acting
Edition.

KISMET. Edward Knoblock. Fourth Edition.
WARE CASE, THE. George Pleydell.

35. 6d. net

THE GREAT ADVENTURE. Arnold Bennett.

Fifth Edition.

GENERAL POST. J. E. Harold Terry.
Second Edition.

THE HONEYMOON. Arnold Bennett. Third
Edition.



MESSRS. METHUEN'S PUBLICATIONS

Sport Series

Illustrated. Fcap. 8vo

Air. ABOUT FLYING, 35. net. AIPIM:
SKI-ING AT ALL HKIGHTS AND SEASONS,
s*. net. CROSS COUNTRY SKI-ING, 55. net.

<,OI.F Do's AND DONT'S, 25. net.

QUICK CUTS TO GOOD GOLF, zs. net.

INSPIRED GOLF, 2s. 6d. net. DRIVING,
APPROACHING, PUTTING, 25. net. GOLF

us AND How TO USE THEM, zs. net.

TIIK SECRET OF GOLF FOR OCCASIONAL
PLAYERS, 25. net. LAWN TENNIS, 35. net.

LAWN TENNIS Do's AND DONT'S, 25. net.

LAWN TKNNIS IT,:

2s. (></. net. LAWN TENNIS FOR CLUB
PLAYERS, 2s. 6d. net. LAWN TF s

MATCH PLAYERS, zs. f>d. net. i

4*. net. How TO SWIM, zs. net

ING, 35. 6d. net. SKATING, 35. net.

WRESTLING, 2s. net. TUP. !

LAWN TKNNIS, zs. 6rf. net. Tn
TENNIS I'MPIKI

,
25. tut. net. MOTOR Do's

AND DONT'S, zs. bd. net.

Methuen's Half-Crown Library

Cheap Editions of many Popular Books

Crown Svo

Write for a Complete List

Methuen's Two-Shilling Library

Write for a Complete List

PART III. A SELECTION OF WORKS OF FICTION

Bennett (Arnold)
CLAYHANGER, 8s. net. HILDA LESSWAYS.
8s. 6d. net. THESE TWAIN. THE CARD.
THE REGENT : A Five Towns Story of

Adventure in London. THE PRICE OF
LOVE. BURIED ALIVE. A MAN FROM
HIE NORTH. WHOM GOD HATH JOINED.
A GREAT MAN : A Frolic. MR. PROHACK.
All 75. 6d. net. THE MATADOR OF THE
FIVE TOWNS, 6s. net.

Birmingham (George A.)
SPANISH GOLD. THE SEARCH PARTY.
TIIK BAD TIMES. Ur, THE KF.KFI.S. THE

(LAWYER. Attyt.6d.net. IMM
Ns. tni. net. THE OKI- AT GRANDMOTHER,
7*. bd. net. FOUND MONEY, 75. 6d. net.

Burroughs (Edgar Rice)
TARZAN OF THE APES, 6s. net. THE
Ki ii KN OF TARZAN, 6s. net. THE BEASTS
OF TARZAN, 6s. net. THE SON OF TARZAN,
<i.s. net. JUNGLE TALES OF TARZAN, 6s.

net. TARZAN AND THE JEWELS OF OPAR,
/. TARZAN THE UNTAMED, 75. 6d. net.

A PRINCESS OF MARS, 6s. net. THE GODS
OF MARS, 6s. net. THE WARLORD OF
MARS, 6s. net. THUVIA, MAID OF MARS,

:-,-t. TARZAN THE TERRIBLE, zs. 6d. net.

THE MUCKER, 6s. net. THE MAN wim-
oi r A SOUL, 6s. net. THE CHESSMEN OF
MARS, 6s. net. Ax THB EARTH'S CORZ,

nit.

Conrad (Joseph)
A SKT OF Six, 75. 6d. net. VICTORY : An

Island Tale. THE SECRET AGENT : A
Simple Tale. UNDER WESTERN EYES.
CHANCE. All gs. net.

Corelll (Marie)
A ROMANCE OF Two WORLDS, 75. 6d. net.

VENDETTA : or, The Story of On-

gotten, 8s. net. THELMA : A N<>t

Princess, 8s. 6d. net. ARDATH : TV
of a Dead Self, 75. 6d. net. TIIK ft

LILITH, 7$. 6d. net. WORMWOOD : A 1

of Paris, 8s. net. BARABBAS :

the World's Tragedy, 75. f>d. net. THE SOR-
ROWS OF SATAN, 75. 6d. net. '1m M
CHRISTIAN, 8s. 6d. net. TEMPORAL !'

A Study in Supremacy, 6s. net. GOD'S
GOOD MAN : A Simple Love Story, 75. 6d.

net. Hoi Y ORDERS: The Tragedy of a

Quiet Life, 8s. 6d. net. THE MIGHTY ATOM.
: A Sketch, 75. fx/. net.

CAMFOS, (>s. net. THE I.IIK I-'.VFKI \

8s. 6d. net. THE LOVE OF LONG Ar,<

Oriu *s. <>/ ''

75. txl. net. ']' ; : A
Koinam-i- of tin- I Lov AND
THE PHILOSOPHER, 6s. net.

HIchens (Robert)
IM i ix : HIM r Y. irs i '/. **.
THE WOMAN WITH TIM: FAN, 7$. 6d. tut.

GARDKN OF ,\
' ./. tut. TH

OF 111 I I

1 >\\ i ID, 7*. 64.

net. 1 in \\ AV OF AMBITION, 75. 64. tut.

IN THE \\ -5. 6<t tut.
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Hope (Anthony)
A CHANGE OF AIR. A MAN OF MARK.
SIMON DALE. THE KING'S MIRROR.
THE DOLLY DIALOGUES. MRS. MAXON
PROTESTS. A YOUNG MAN'S YEAR.
BEAUMAROY HOME FROM THE WARS.
All 75. 6d. net.

Jacobs (W. W.)
MANY CARGOES, 5$. net. SEA URCHINS, 55.
net and 3*. 6d. net. A MASTER OF CRAFT,
6s. net. LIGHT FREIGHTS, 6s. net. THE
SKIPPER'S WOOING, 55. net. AT SUN-
WICH PORT, 55. net. DIALSTONE LANE,
55. net. ODD CRAFT, 55. net. THE LADY
OF THE BARGE, 55. net. SALTHAVEN, 6s.

net. SAILORS' KNOTS, 55. net. SHORT
CRUISES, 6s. net.

London (Jack) WHITE FANG. Ninth
Edition. Cr. 8vo. 7s. 6d. net.

Lucas (E. V.)
LISTENER'S LURE : An Oblique Narration,
6s. net. OVER BEMERTON'S : An Easy-
going Chronicle, 6s. net. MR. INGLESIDE,
6s. net. LONDON LAVENDER, 6s. net.

LANDMARKS, 6s. net. THE VERMILION
Box, 6s. net. VERENA IN THE MIDST,
8s. 6d. net. ROSE AND ROSE, 6s. net.

GENEVRA'S MONEY, 75. 6d. net. ADVISORY
BEN, 75. 6d. net.

McKenna (Stephen)
SONIA : Between Two Worlds, 8s. net.

NINETY-SIX HOURS' LEAVE, 75. 6d. net.

THE SIXTH SENSE, 6s. net. MIDAS & SON,
8s. net.

Malet (Lucas)
THE HISTORY OF SIR RICHARD CALMADY :

A Romance. IDS. net. THE CARISSIMA.
THE GATELESS BARRIER. DEADHAM
HARD. AH 75. 6d. net. THE WAGES OF
SIN. 8s. net. COLONEL ENDERBY'S WIFE,
7s. 6d. net.

Mason (A. E. W.). CLEMENTINA.
Illustrated. Ninth Edition. 75. 6d. net.

Milne (A. A.)
THE DAY'S PLAY. THE HOLIDAY ROUND.

ONCE A WEEK. AH ys. 6d. net. THE
SUNNY SIDE. 6s. net. THE RED HOUSE
MYSTERY. 6s. net.

Oxenham (John)
THE QUEST OF THE GOLDEN ROSE. MARY
ALL-ALONE. 75. 6d. net.

Parker (Gilbert)
MRS. FALCHION. The TRANSLATION OF
A SAVAGE. WHEN VALMOND CAME TO
PONTIAC : The Story of a Lost Napoleon.
AN ADVENTURER OF THE NORTH : The
Last Adventures of

"
Pretty Pierre." THE

SEATS OF THE MIGHTY. THE BATTLE
OF THE STRONG : A Romance of Two
Kingdoms. THE TRAIL OF THE SWORD.
NORTHERN LIGHTS. JUDGEMENT HOUSE,
All 75. 6d. net.

Phlllpotts (Eden)
CHILDREN OF THE MIST. THE RIVER.
THE HUMAN BOY AND THE WAR. All
7s. 6d. net.

Rohmer (Sax)
THE GOLDEN SCORPION. 7$. 6d. net. THE
DEVIL DOCTOR. THE MYSTERY OF DR.
FU-MANCHU. THE YELLOW CLAW. All
3$. 6d. net.

Swlnnerton (F.). SHOPS AND HOUSES.
SEPTEMBER. THE HAPPY FAMILY. ON
THE STAIRCASE. COQUETTE. THE CHASTE
WIFE. THE THREE LOVERS. All 75. 6d.
net. THE MERRY HEART. THE CASEMENT.
THE YOUNG IDEA. All 6s. net.

Wells (H. G.). BEALBY. Fourth Edition.
Cr. 8vo. 7s. 6d. net.

Williamson (C. N. and A. M.)
THE LIGHTNING CONDUCTOR : The Strange ,

Adventures of a Motor-Car. LADY BETTY
ACROSS THE WATER. IT HAPPENED IN

EGYPT. THE SHOP GIRL. MY FRIF.ND
THE CHAUFFEUR. SET IN SILVER. THE I

GREAT PEARL SECRET. THE LOVE PIRATE. '

All 75. 6d. net. CRUCIFIX CORNER. 6s.

net.

Methuen's Half-Crown Novels

Crown 8vo

Cheap Editions of many of the most Popular Novels of the day
Write for a Complete List

Methuen's Two-Shilling Novels

Fcap. 8vo

Write for Complete List
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